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UNIT I
VECTOR & SCALAR POINT FUNCTIONS

1.1 Differentiation of VVector Functions

Definition : Vector Functions : If for each value of a scalar variable u, there
corresponds a vector f, then f is said to be a vector function of the scalar variable u. The

vector function is written as f(u).

Eg., The vector (acosu)i+(b sinu)j + (bu)E is a vector function of the scalar variable u.

1.2 Limit of a vector function

A vector v, is said to be the limit of the vector function f(u), as u tends to u,,

if lim |f(u) — 75| = 0. This limit is written as lim f(u) = ;.
u-up

Result 1.1 : If f(u) = fA@) + fo(u) 7 + fwk, then lim Faw) ={ lim £, ()} +

{limfz (W} + { lim f3 (WIk.

u-ug

Result 1.2 : lim [A(w) * B(w)] = { lim A(w)}* {lim B(u)} , where * denotes either a
u-ug Uu-ug u-ug

plus or a minus or a dot or a cross.

1.3 Derivative of a vector function

A vector function f(u) is said to be derivable or differentiable with respect to u, if

lim Z20=T exists. This limit is called the derivative or differential coefficient of £(u)

Au—0 u

with respect to u and is denoted by %

Higher derivatives of f (u) are defined in the same manner and written as
d (df\ d*f d (d*f _d3f&
du\du) = duz’du\duz ) ~ aud <0

Remark 1.1 : If f (u) is a constant vector, then its derivative is a zero vector because

Flu+Auw) — f(w) = 0.
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Remark 1.2 : If f(u + Au) is written as f(u) + Af then f(u + Au) — f(u) = Af and Z{ =

AF
m —f
Au—0Au

Remark 1.3 : The differential coefficient of f with respect to u is the rate of change of f

with respect to u.

Theorem 1.1:
0] If @ is a scalar function of u and ‘d’ a constant vector, then %233—3
. PR . d(¢d)_do — dd
(i)  If ‘@’ is also a function of u, then At 0] T
Proof :
Q) We have 2L = lim &£
du Au—0 Au
Now d(pa) — lim A(@ﬁ): lim (@+A(Z))c_i—(2)a: lim [(8+A0)-0ld
' du Au—0 Au  Au—0 Au Au—0 Au
lim 20, _40.
= lim —ad =—a
Au—0 Au du
(ii) Now d(¢a) - lim A(ma’): lim (B+AQ)(a+Ad)—0d
" du Au—0 Au  Au—0 Au
. @Pa+ QAd+ adlrd + A - Ad — Qa
= lim
Au—0 Au
@li A&+* li A(D+ li Ao Ad
=@lim—+a lim —+ lim (—"Aa
Au—0 Au Au—0 Au Au—>0(Au )
_Ad L AD s
=@lim—+a lim —+ lim —- lim Aa
Mu—0 Au Mu—0Au  Au—0 Au  Au—0
= @ lim=2 + G lim 22 (since, lim Ada = 0)
Au—0 Au Au—0 Au Au—0
d(@d)_do - da
Thus, 1 ® +0 T

Theorem 1.2 : If 4 and B are functions of scalar variable u, then prove that

d(A+B) _dA | dB

(l) du du du
.. ~d(AB) _dd 5 - dB
(ii) o T B+ A ™ and
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—

d(AxB) di =  —  dB
(l ) X B+ AX e
d(A+B) . (A+0A)+(B+AB)-(A+B)
Proof : (i) = lim
Au—0 Au
 A+M+B+AB-A-B  AM+AB A AB
= lim = lim ————= lim —+ lim —
Au—0 Au Au—~0 Au Au—0Au  Au—0 Au
_dA .\ dB
"~ du  du
. d{A-B) . (A+bA)-(B+AB)- (4 B)
(ii) —————= lim
du Au—0 Au

- -

A-B+A-AB+AA-B+AA-AB —(A-B)

= 1i
ml}llo Au
lim 4 - AB li A o B+ 1 A4 AB
= dm Ay T im B i G AB)
= lim A)-A—B+ lim A—A-§+ lim a4 lim AB
Au—0 Au  Au—0Au Au—0 Au Au—0
AB . A

=lim A=+ lim == B (Since, lim AB = 0).
Au—0 Au  Au—-0Au Au—0

AB AA
—4- lim—+ lim —- B
Au—~0 Au  Au—0Au

d(AxB) y (A+AA4) x (B +AB)— (AxB)
du  suso Au

(iii)

Ax B+ AvAB + AL x B + A& x AB — (A x B)

- Alir—tlo Au
AB AA AA
= lim A X —+ lim — x B + hm (—XAB)
Au—0 Au  Au—-0Au

=lim A ><—+ hm —xB + lim —xllmAB
Au—0 Au—0 Au Au—0 AU Au—0

—AhmOA X —+ hm — >< B (Since, 11m AB = 0).
u—
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=AXlim—+ lim — X B
Au—>0 Au  Au-0Au

dA B4 dB
= —X X —.
du du

Remark 1.4 : It is important to note here that differentiation of vector functions is similar to
differentiation of scalar functions but for the fact that in results pertaining to cross products
the order of the vectors is not to be changed during differentiation. This restriction is due to

the anti-commutative nature of vector multiplication.

Remark 1.5 : The above results can also be established by assuming A= al+ ayf +a3E

and B = b,7+ b,] +bsk. As an illustration we now differentiate 4 - 5.

d(aib; + ayb,; + azb3)

—(A-B) =

du ( ) du
B da, db; da, db, das db,
_dub1+a1d +dub2+a2du+dub3+a3du

da, da, das db, db, dbs
( b, + b, + 3)+(a1du+a2du+a3du)

(52274227 4+ S2E) - (BT + byf +bsK)H(ayl + apf +ask) - (27 + 527 +22K)

du du

{d(a1f+a2j +a3%)

d(b,1+b,] +b37<))
du

} " (b1?+ bzf +b3%) +( a1?+ azj +a3E) - ( du

45
 du du’

— —>

Theorem 1.3 : If 4, B, C are functions of the scalar variable u, then
i) L[ABC=|2Bc|+[A%c|+[dB%
(i) —{Ax(Bx ?)}:—x(Bx C)+A><( X E)+Zx (§x3—$)
Proof : To reduce the length we shall use ‘dash’ to denote differentiation.
) L[ABC =4 BExO]
=[&-EBx0O]

—[&-(BxCO]+A-(ExC)
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= A-(BxC)+A-{BxC +B xC(}

— R (BxC)+A-(BxC)+A (B x3

[enel 15 |1

(i) {Ax(Bx O =(Ex (Bx O} +{ix(5x ¢))
={K’x(§>< 5)}+,¢Tx{(§x E’)+(§'XE)}
= (B x (Bx O} +Ax (Bx T)+Ax (B x0)

—djx(Bx C) + A x d§x5 + A x §de
" du du du

1.4 Problems

— — 2B 24 —
1. Showthat—( xd—B—d—xB) Ax‘;—g—%xB

. d (> dF di_ =z 7 d (A, B
SOIUt'On'du(AXdu duXB) du (Axdu) du(duXB)

dA dB . d?B d?A _ dA dB

" wt wE T T  a

B d’B  d?A =
=AX————X
du? du?

2. Find the derivatives of 4 - B and 4 x B with respect to u if 4 = u%i + uj + 2uk and

B =j—uk.
Solution : (i) Find - (4 - B)
A-B= (u27+uj’+2uE)-(f—uE) =0+u—2u?=u-—2u?
d > = d
—(A-B)=—@u—-2u?) =1-4u
u du

(if) Find =~ (4 x B)
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o |tT ok
AXB=|y2 y 2u
0 1 —u

= {(—u? — 2u) — j(—ud — 0) + k(u? — 0)
= I(—u? — 2u) + u3] + u?k
d e =g - - '
— (A x B) = (-2u-2) 1+3u” J+2uk

- — N —

3. Find :—u(ﬁ)-_ﬁ)& %(zx B)ifA=i+u+u’k,B=u’i-u+k

[Ans. : %(ﬁ -B) = Zu,%(ﬁ x B) = (1 +3u?)T + 4u% + (=1 — 3u?)k.]

4. Find = (4 x B) in the following cases:
() A=2ui+u?, B=-uj+k.
(i) A =5u*l+uj+uk B = sinui— cosuj
[Ans. (i) = (4 x B) = 2ul — 2] — 4uk.
(i) dd—u (4 x B) = (—3u?cosu + udsinu)i — (3u?sinu + udcosw)j + (—11ucosu —
sinu + 5u?sinu)k]

5. Show that the necessary and sufficient condition for the non-zero vector function

f(u) to be of constant magnitude is f . % =0. (i.e. fand% are perpendicular to each

other).
Solution : Letf = ff, where f is the magnitude of f Then ff = f2.

Differentiating on both sides w.r.t. u, we get

df . df _ df
w !t W=
. df _ df
iZf'a— @
L df  df

Necessity part :
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=0.

If £ is constant, then di

du
Then (1) gives f % =0.
Sufficiency part : If f - % = 0, then by (1),f% = 0.

Since f # 0,% = 0 and consequently f is a constant.

6. Show that the necessary and sufficient condition for the non-zero vector function
7(u) to have a constant direction is fx % =0. (ie. fand% are parallel to each

other).
Solution : Letf = ff, where f is the magnitude of f

Differentiating on both sides w.r.t. u, we get

d_f:ﬁur&f
du du du’

Cdf 2 s . df
—@(fxff)+f(ffx@>

_aarfr Y
=0+f <f><du>

A

(Y

Necessity part : If f has a constant direction, then £ is a constant vector and % =0.

oo 2 df _
(1) implies that f x = 0.
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Sufficiency part : If f x % = 0,then f x Z—i =0 by ().

. A af df .
So, eithr f and ﬁ are parallel or d—f: IS a zero-vector.

Since they are not parallel but they are perpendicular. % =0.
Hence the direction of £ is constant, i.e., the direction of f IS constant.
7. Show that, if f is not of constant direction, then ‘?‘ * % I7|-

u

Solution : We have, f2 = f - f.

d

|“'u

Differentiating w.r.t. u, we get Zf% = Zf-

QU

u

.

& N2 Y] coso = £ | : ? and
:fa = |f| |du| cosl = f |du| cos@,where 0 is the angle between f and "
=>4 - |ﬂ| cosé.

du du

. 2. . . 2 af .
Since f is not of constant direction, f and d—£ are not parallel. Therefore, 8 is not

Zero.

d -

df
a|f|¢

au

d
Hence, a7 *
du

df
du

or

8. Show that the necessary and sufficient condition for a vector function f(u) may be

. df
constant is Y _ 0.
du

Solution : Necessity part: Let f (u) be a constant vector.

Then Y = lim Y = |ip J8HAWT @
du u—0 Au Au—0 Au
f@-f(
= lim ————~ <~ —0.
Au-0 Au
Sufficiency part:

Letf = fil + fo] + fok.

af _ dfis , dfs > dfs 7 _
Ifdu—O,thenduL+du]+duk—O.
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Thus, f;, f2, f3 are constants and consequently f is a constant vector.

—

9. If 7 and g are vector functions of u such thatf X % =gX % for all values of u, show

thatf and g are always perpendicular to a fixed direction.

(f g) 2 df

Solution : f><—+—><g

“‘I

«Q,
Ny
Il

ol

Q..|Q.
<

~ f % g is a constant vector and hence in a fixed direction.

We know that f X g is perpendicular to both f and g.

Therefore, f and g are perpendicular to a fixed directin.

aé
dul’

— . . . = —- d_)
10. If e is a variable unit vector depending on u, show that |e X Ej =

Solution : Given € is a unit vectorand so é - é = 1.

Differentiating this with respect t u,

dé . . dE_
due edu_
(s 98\ _ s,
= — = > er— =
¢ du ¢ du

. The angle between € and Z—i is 90°.

- de dé| . PN dé| . ~ = . -
Now, & X d—z = |8 ﬁ| sin90°fA = |d—Z| fi where A is a unit vector perpendicular to
- dé
both & and =.
du
de
du

L, de
e X —
du

déA_
dun_

11. Show that, iff is a function of u, then

W [F .7 =0 F. 7"
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2 —_ = = —_ — — —_ = .
(ii) #[f, .1 =16 F"1+[f.f.f*], where the dash denotes
differentiation with respect to u.

-

Solution : We know that - [4,B, ] = [4",B,C] + [4,B",C] + [4,B,("].

-

(l) % [f ’f”fll] — [f' ’fl’fll] + [f ’fll’fll] + [f ’f_‘)l’f_‘)lll]

=0+0+[f .. f"]

-

— [f ,fl'flll]
i) =[fFF == (= IF 7 F)

d et _)I _)III .
=@[f S [from (D]

-

— [f/ ,f_‘)l,f_‘)lll] + [f ;f_)”:flu] + [f 'f/,f/v]

-

=04+ []Z-) ,fll’f_‘)lll] + [f ’fr’f’rv]

-

— [f ’f_‘)ll’f_‘)lll] + [f ’fl’f_')lv].

12.1F [f,f,f"] = 0, show that f x f has a fixed direction and that f is parallel to a

fixed plane.

Solution : Consider (f x f’)x%(fx FY=(Fx FYXIFx f"+f x f1

-

=(fx f)x[fx f"+0]

-

=(fx f)x[fx f"]

- By problem 6, f x f" is a constant vector and %(f x f') = 0.
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« f x f" has a fixed direction.
Also f is perpendicular to f X f’ implies thatf is parallel to a fixed plane.
13. If 7 = d coswt + bsinwt, where @, b are constant vectors and , a constant

- dr - 7 d? -
scalar, show that 7 x d—: = wd X r 2

, Fz_(l) r.

Solution : Given, 7 = d coswt + bsinwt.

d‘f: - - -
Hence, o= wa sinwt + wb coswt

= w(—d sinwt + b coswt)
Now, 7 X Z—i = (d coswt + bsinwt) X w(—d sinwt + b coswt)
= w(—coswt sinwt d@ X d + cos?wt @ X b — sinwt b X @ + sinwt coswt b X b)
= w(0 + cos?wt @ X b + sinwt @ X b + 0)
= w(cos*wt + sin*wt ) (d x b)
=w (dx 5)
We have Z—i = w(—d sinwt + b coswt)

a7

7= w(—wd coswt — wb sinwt)

= —w?%(d coswt + b sinwt)

= —w??.

(S0

14. If d, b, w are vector functions of a scalar variable u and if d—a =WXd,——=WX b,

then show that <- (d@ x b) = W x (@ x b).

- d - g d_) g -
Solution : =~ (@ x b) === x b + d X
du du

Q
du
=(Wxad) xXb+dxWxb)

=(W-b)a—(a-b)w+(d-b)w— (@ wb

13 Manonmaniam Sundaranar University, Directorate of Distance & Continuing Education,
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= (W-b)d— (d-w)b
=w x (d xb).

-

15. 7, b are three mutually perpendicular unit vectors whose directions vary with a

scalar variable u. Show that ¢, 7@, b’ are coplanar, where the dash denotes

differentiation with respect to u.
Solution : Given, £, 7, b are three mutually perpendicular unit vectors.
D F= A XD e (1)
To prove, &', @', b’ are coplanar. i.e., to prove [', 7', b'] = 0.
Differentiating (1) w.r.t. u
t=17%xb + 7 xb.
So,[¢,#', b']=[R x b'+ @' x b, ', b']

=[ii x b, @', b'| +[#' x b, 7, b']

= (A x B’)-(ﬁ’xlg’)+(ﬁ’x 5)-(ﬁ’x E’)

A-n #A-b|, |7 -7 7 -b
b'-n b'-b' b-n' b-b’
_)._)’ a . ! _)’._)’ - -
=0 n-bp g -m bl [since,7i - ' =0=b-b']
b1 b -b b-n

= —(@ - B) (B 7)) - (@ - B) (b7
=—(b"- @)@ - b')+ (b-7)]
- _(gr.ﬁ');—u(ﬁ +b)
= ()= (0)
= —(b'-7")(0) = 0.

~ t', 7', b" are coplanar.
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16. The position vector of points on a curve are given by 7 = u?i — uj + 2u + 1k,

where u is a parameter. Find the following at the point u=0.
dr d*r |dr |d2 d—— T
du’ du? ’ |dul’ ldu? - |£|
du
d d d d *+2%
.dar 7 o arl _ r __ —]
[Ans. : = =21, ™ V5, |d >| = 2 and

17. Ifr—xl+y]+zk iS a unit vector, showthatx +y +z = 0.

Solution : Given 7 is a unit vector.

.

, L, d
:.r-r=1andsor-d—:=0.

=(xi+ yj + zk) - (—l+d—y_)+ k) 0

dx ay 4z _
xdt+ydt+zdt 0.
1.5 Partial derivatives of vector function:

If for each pair of values of the scalar variables u and v there corresponds a vector f :
then f is said to be a vector function of u and v. Here the vector function is written

specifically as f (u, v). Similarly, vector functions of several variables are defined.

Now we define partial derivatives of a vector function of two variables. Given the

vector function f(u, v)ofthe variables u and v,

. f u+Au,v -f u,v f u,v+Av -f u,v
Au—0 Au Av—0 Av

are called the partial derivatives of f (u, v) with respect to u and v respectively. These

partial derivatives are denoted, as in ordinary Calculus, by the symbols Z—i,g—’; and the higher

partial derivatives, by the symbol — (z_i)

2 2 27
O 0 (08 OF ore

ou?’ ou \ov ouadv’

Similarly, the partial derivatives of vectors of more than two variables are defined.

Problem:

18. Prove the following results if 4 and B are vector functions of ¢, a scalar function

of the scalar parameters u and v:

15 Manonmaniam Sundaranar University, Directorate of Distance & Continuing Education,
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a4

B R B
(I)E(A-I_B):au-i_a

(i) = (#A) = (32) 4+ 0 (2)

= A — — 0B

(III) E(AB)—EB‘FAE

. > = A —  — 0B

(iv) (A xB)=—XxB+Ax—_-
Solution:

(if(u+Au,v)+§(u+Au,v))—(Z(u,v)+§(u,v))

(i) = (A +B) = lim

Au—0 Au

(J(u + Au,v) — ff(u, v)) + (§(u + Au,v) — B(u, v))
= lim

Au—0 Au

lim (A)(u + Au,v) — A(u,v) ) + lim ((E(u + Au,v) - B(y, U))

T Aus0 Au Au—0 Au
_aﬁ+a§
Ju  ou

(1) 2 (pd) = Jim (s Cer200) (o)

((p(u + Au, v)A(u + Au, v)) — o (u, MA@ + Au,v) + o(u, VA + A, v) — (go(u, v)ff(u, v))

= l1im
Au—-0 Au

[o(u+Au,v)—@p(uv)]A(u+Au,v) + lim @) [A (u+Au,v) —A(u,v)]

= lim

Au—0 Au Au—0 Au
u+Au,v) —oe(u,v >
= lim Lo )~ ¢, v)] lim A(u + Au,v) +
Au—0 Au Au—0

y [AQu + Au, v) — A(u, v)]
¢, v)mlglo Au

= (g—:) Aw,v) + ¢ <g—f)
- (g—z)ﬁ +¢ <Z—§>.

(iii) 6a_u (A) . E) — Alir_r}o (A(u"'Au'”)'B(u"'AZ'Z))—(A(u,v)-B(u,v))

16 Manonmaniam Sundaranar University, Directorate of Distance & Continuing Education,
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([f(u + Au,v) - §(u + Au, v)) — /T(u, V) - §(u + Au,v) +
E(u, v) - B(u + Au,v) — (ﬁ(u, v) - B(u, v))

- Albr—{lo Au
(/T(u + Au,v) — /T(u, v)) . §(u + Au,v)
= lim +
Au—0 Au
A, v) - (E(u + Au,v) — B(u, v))
lim
Au—-0 Au
(ﬁ(u + Au,v) — fT(u, v)) .
= lim - lim B(u + Au,v) +
Au—0 Au Au—0

(§(u + Au,v) — §(u, v))

j(u' v): Alir—r}o

Au
04 5,708
"~ du ou

(ﬁ(u+Au,v)><§(u+Au,v))—(Z(u,v)xl?(u,v))

. 0 - — .
(iv) £(A X B) = Alir—?o "

(A)(u + Au, v) X §(u + Au, v)) — /T(u, V) X §(u + Au,v) +
ﬁ(u, v) X B(u + Ay, v) — (E(u, v) X B(u, v))
= lim

Au—0 Au

(ﬁ(u + Au,v) — /T(u, v)) x B(u + Au, v)
= lim

+
Au—0 Au

/T(u, V) X (§(u + Au,v) — B(u, v))
lim

Au—0 Au

i (ﬁ(u + Au,v) — ff(u, v))

Au—0 Au

X lim §(u + Au,v) +
Au—0

(§(u + Au,v) — B(u, v))

Atu)  im

Au

94 o, 0B
=—X X —.
u u
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UNIT II

GRADIENT, DIVERGENCE AND CURL

2.1 Scalar point functions

If for every point P in a domain D of space, there corresponds a scalar @ then @ is said
to be a single valued scalar point function defined in the domain D. The value of @ at P is
denoted by @(P) (or) @(x,y,z)if P is (x,y,z). The function @ is said to be the scalar field
in D.

Example : The temperature of a gas at different points in the region occupied by the

gas define a scalar field in that region.
Vector point function

If for every point P in a domain D of space, there corresponds a vector @ then @ is
said to be a single valued vector point function defined in the domain D. The value of @ at P
is denoted by @(P) (or) @(x,y,z)if Pis (x,y,z). The function @ is said to be the vector
field in D.

Example : The velocity in a fluid motion is a vector point function.
Level surfaces

The surfaces represented by the equation @ = ¢ for different values of c are called

level surfaces. The values of @ at all points on a level surface are equal.
Result : No two level surfaces will intersect each other.
Directional derivative of a scalar point function

Theorem 2.1: The directional derivative of @ at any point P in the direction specified by the

. . . . .90 ap ap
direction cosinesl m,nisl— + m— + n—.
dx ady 0z

Proof : Let P’ be the point reached when one travels from P(x,y, z) through a distance s in

the given direction. Then P’ has the co-ordinates (x + ls,y + ms, z + ns).

The directional derivative of @ at P in the given direction is

~ o(P) —0(P) - Px+Is,y+ms,z+ns)—0(x,y,z)
lim ———— = lim .
P'>P PP’ -0 S
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By expanding @(x + Ls,y + ms, z + ns) in powers of s,

1 0 0 0
@(x +Ils,y + ms,z+ns) = 0(x,y,z) +E<lsa+ms@+nSE> O(x,y,2) +

2

9] 9] 0
! — - -
1/2! (ls i + ms 3y + ns (’)z) D(Xy,2) +.overnen

. O(x + s,y + ms,z +ns) — 0(x,y, 2)
- .

1(la+ a+ a)@( ) +
Sax mSay ns xy,z

2

12'(la+ 9 4 a)czs +
/2! s T ms 3y ns (XY,Z) + e

o oPH—-0(P) . O(x+ls,y+ms,z+ns)—0(x,y,2z)
lim ————— = lim
P/'>p PP’ s-0 S

1 0 0
. T(lsﬁ+msay+ns )(Z)(xy,z)
= lim

5s—0 S

2

0 0 9]
' | — — -
!51%1/2. ( sa + ms 3y +ns ) D(XY,Z2)/S + e

—(la+ a+ a)@( )+0+0+
“\"ox T May T o) VY

%0, 00 09
= P +m 3y +n 3
2.2 Gradient of a scalar point function

Definition:  If @ is a scalar point function, then the vector —l +@j+ k is called the

gradient of @. This vector is written as grad® or V@ where V (read as ‘del’ or ‘nebla’) stands
for? l— +] 3y + E—

Note 2.1 The operator V is an operator whose function is to transform a scalar point
function @ into a vector point function.

Note 2.2  The summation notation for gradient is Vg = ) ?a_@

Theorem 2.2 : The directional derivative of @ in the direction specified by the unit vector
€éis(Vp)-e.
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Proof:  Let the direction cosines of & is ,m,n. Then & = Ii + mj + nk.

5 @07 B0 O e e 000 00
Now, V@ e_(axl+6y]+azk) (It +mj +nk)=l 6x+m6y+naz

which is the directional derivative of @ in the direction whose direction cosines are [, m, n.

Note 2.3 : Maximum value of the directional derivative of @ is |[V@|.

Theorem 2.3 : (i) The direction of V@ at P is normal to the level surface @ = ¢ through P

(i.e. Vo is a vector along the normal at P to the level surface through P).
(it ) Magnitude of V'@ at P is the maximum of the directional derivative of @ at P.

Proof : (i) Suppose @ = c is the level surface through P and C is an arbitrarily chosen curve

through P and on the level surface. Refer figure.

Now the tangent T to C at P lies in the tangent plane at P to the level surface. Since @
is a constant on C, the directional derivative of @ along C is zero. So, from diagram, if T is

the unit vector along the tangent at P to C, then (V@) - T = 0.

Hence V@ at P is perpendicular to T. But C is arbitrary. Therefore V@ at P is

perpendicular to the tangent plane to the level surface at P.
Hence V@ at P is along the normal to the surface at P.

(ii ) Let 7 be the unit vector along the normal to the level surface at P (in the sense in

which @ increases).
Then V@ = |VQ|n.

Directional derivative at P in an arbitrary direction é = (V@) -é = |V@|7-é

|V®|cosO where 6 is the angle between 71 and é.

-~ Maximum value of the directional derivative at P = |V@| since the maximum value

of cos@ = 1.
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Hence the magnitude of V@ is the maximum of the directional derivative.
Theorem 2.4 : If @ and y are scalar point functions, then prove that

0} V(k®) = k(V®) where k is a constant
(i) VvVo+y)=Vo+Vy
(i)  v©@yY)=Vo)y +o(Vy)

; ? PV -0 (V)
(lV) |74 (a) = T

Proof : (i) V(kg) = 152 = 31k 22 = k 112 = k(V0)

(i) V(0 + ) = zi—"“”a:‘” - zi% + Z?Z—f = V0 + Vi

00

(i) V(oY) = 2122 =51y + 902 =212y + X102k

.09 qalp

=Y LI+ 0N 1— = (VO)Y + B(VY)

90_y0%
) (2) = 212 -yt

VR A
_(wrigprorigy)
P2
W(Ve) — (Vi)
_ =

Problems

Problem 1: Find the directional derivative of x + xy? + yz3 at the point (0,1,1) in the
direction whose d.c’s are 2/3, 2/3, -1/3

Soln: Let® = x + xy? + yz*3

o0 00 9
Fnd—Q—Q—Q
0z

Givenl=2/3,m=2/3andn =—-1/3

.. . . . 3 d d
The directional derivative is [ %0 +m 90 + n_c)
ox ay 0z
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=§ 1+y3+ E(ny + z3) — yz2.

At the point (0,1,1) [Ans. 1]

Problem 2. Find V@ at (x,y,2) if ® = x + xy* + yz3
[Ans. (1 + y2) + J(2xy + z3) + k(3yz?)]

Problem 3: Find the directional derivative of @ = x + xy* + yz3 at (0, 1, 1) in the

direction of the vector 27 + 2j — k. Find its maximum length.
Solution : Given, @ = x + xy? + yz3.

P=20+27—k

7l =v4+4+1 =3
. Unit vect 9_7_2?+27—E_29+29 Lo
~ Uni vecore—ﬂ— 3 —3!T3 /73
_@—) ﬂ—» @_’ _ > 2 - 3 7 2
V(Z)—(axl+ay]+azk)—L(1+y)+](2xy+z)+k(3yz)

VG- 8 =[1(1 + y2) + J(2xy + z3) + k(Byz?)] - (§f+§ 7_35)

2 2 2 3 1 2
=§(1+y )+§(2Xy+Z )—§(3yz

+

W
wil N
I
—_

I
=

Vo - & at (0,1,1) =§(2) +§(0+ 1)-1=
Therefore, directional derivative of @ at (0,1,1) is 1.
Maximum length =|V@|.
Now, V@ = 7(1 4+ 1) + J(2(0) + 1) + k(3) = 27+ + 3k
~ Maximum length = |V@| = V4 + 1 + 9 = V14,

Problem 4. Find the directional derivative of @ at the given point in the direction of the

given vector.
(i) @ = 3xy? — x2yz at the point (1,2,3) in the direction of the vector 7 — 2 + 2k.

{Hint : Find V@ then find € as i?— §j+ k. then find V@ - 8. Ans. : -22/3}

wIinN
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. _ _ 2.3 _ " —7 7 __ 1 ﬁ
(i) @=xyz—xy“z’at(1,2,—1),r =1—j— 3k. [Ans. m]
(i) ©= a3+ y3+ 23 at the point (1,-1,2) in the direction of the vector 7 + 2j + k.

21
{Ans. ﬁ}
Problem 5: If # = xT + yj + zk (i.e.,) if 7 is the position vector of the variable point (x,y,z)

aMﬁﬂ:nsmwmmmvcj=—§mMGDWﬂﬂ)=f@ﬁ.

Proof : Given # = x7 + yj + zk.
|7l =r=x2+y2+z2(ie,)r?=x?>+y?+2°

Differentiating partially with respect to x. ZrZ—: =2x. - Pl

.. or _y or _
Similarly, 3y and > =

pootot(9(2) = (12 72+ £2) ©) =12) +75(0) + 72

dx dy
_q( 16r)+ﬁ( 16r)+z( 16r)
— N\ Trzax) T T2 y r20z
_ 19(6r> 1 (0r> 1E(6r>_ R +9y+k
2 \ax) T \ay) T2 \a2) T e )
1,., . - 7
=—r—3(x1+y]+zk)=——3

N N N
=1 (f() +J@(f(r)) ko (f()

=)+ r @i (5) +FOF(3) = F A +72+ kD

T

= @ (x?+ yj + ZE) _[® 7= f'(rf [since,§ = 1“"].

Problem 6 : If V@ = 5737 then find @.

o

Solution : We have, ; =f=>F=rf
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L VO = 5r3rf = 5rif
We have, V@ = @'(r)#
“ VB = @'(r)f = 5rif
-~ @'(r) = 5r*
Integrating with respecttor [ @'(r)dr = [ 5r*dr
0 =L tcie, 0(r) =r°+c.

Problem 7: If V@ = (6r — 3r%)7 and ¢(2) = 4 then find @.

{Hint : Find the value of ¢ using the condition @(2) = 4. (Ans. @(r) = 2(r3 —r* + 10).

Problem 8: If # = xi + yj + zk (i.e.,) if ¥ is the position vector of the variable point (x,y,z)

and |¥| = r, then show that

()  V(ogr) =

(i)  Vr*=nr* 1% = nr %P

r

(iii) V(@ -a) =d where ais a constant vector.

(iv) V(@7 =2aifd=axi+Byj+yzk.

(V) % = ';—f + (VF) - g where F is a scalar function of t and x, y, z are functions of

t.
Proof : Given 7 = x7 + yj + zk.
7] =r = Jx2 +y2 + 22 (ie.) r? = x% + y? + 22
ar

Differentiating partially with respect to x. ZrZ—; =2x. = =

QIR

.. d
Similarly, é = % and = =

Q) V(logr) = (l— +] % +k ) (logr)

= i’— (logr) +] (logr) + k— (logr)

_ﬁ(16r>+ (10r> E(l@?’)
—\rox) rdy roz
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2(x1+y]+zk)—
(ii) W"=G%+f£+k 2) @™

=1

ﬁ(T") +7 Lo@r™) N k»a(r")

0x dy 0z
= tnr"1 or + jnrnt 19 + knrt or
0x dy 0z

=nﬂ%1@§+7§+E§)

i 1

= nr" 1 — = nr"1p,
iy TP.V(FE-d)=a

Given a is a constant vector. - d = a,7+ a,j + ask and # = x7+ yJ + zk

=

d=(xT+yj+zk) - (@, + ay] + ask) =a,x + ayy + asz

5 L0 9] 9]
V(r-a) = (la+1@+k )(a1x+a2y+a3z)

d d - d
= ?a— (a1x + ayy +azz) +7 6_ (a1x + ay + azz) + k (alx + a,y + azz)
= a1?+ a2f+ agk = (_i
(iv) Givend = axi+ By] + yzk and 7 = xi + y] + zk
G-7=(axi+ By] +yzk) - (xi+y]+zk) =ax?+ By*+yz? where a,B,y
are constants.

9]

> > —>a
V(a-r)—(l&+]@+k )(ax + By? +yz?)

0 0 - 0
— 7 2 2 2 e 2 2 2 2 2 2
—L—ax(ax + By +yz)+]—ay(afx + By +yz)+k—az(ax + By +vyz9)

= 2axT+ 2Byj + 2yzk = 2(axt + Byj + yzE) = 2d.

dF 6F 6F d OF d. OF d.

(v) ===y ——Z since F is a function of t and x, y ,z are functions
dt ot | oxdt dy dt
of t.
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dF_aF+<aF9+aFﬁ+aFE> (dxq_dyé_l_dzq)
dt ot \ax' "oyl "oz act Tad T

Thus
AF_OF | opy . (4
dt ot dt )’
Problem 9: If V0 = (y + y% + 22)i + (x + z + 2xy)j + (v + 2zx)k and if ¢(1,1,1) =
3, find Q.

Solution :Given, V@ = (y + y2 + z2)i + (x + z + 2xy)] + (v + 2zx)k ... (1)

_ 00, 00 dop
We have, V@ = axl+ay] + 6zk ......... (2

From (1) and (2) we have % =W +y*+2%)...03)

30 _ 20 _
5—(x+z+2xy) ..... (4)&az—y+22x ...... (5)

Integrating (3) w.rto x, @ = yx + y%x + xz2 + f(y,2) ....... (6)
Integrating (4) w.r.toy, @ = xy + zy + xy? + g(x,2) ...... (7)
Integrating (5) w.rto z, @ = yz + z%x + h(x,y)....... (8)
From (6), (7) and (8) we get, @ = yx + y?x + xz> + yz + ¢
Given,®(1,1,1) = 3. Therefore, 1+1+1+1+c=3 =>c¢ = -1
Hence, @ = yx + y?x + xz? + yz — 1.

Problem 10: Find @ if V9 is (6xy + z3)i + (3x2 — 2)j + (3x2% — y)k

(Ans. : 3x%y + xz3 — yz + ¢)
Problem 11: Find the unit vectors normal to the following surfaces.

(i) x*+2y*+z2=7at(1,-1,2)

i+f—7€]
V3

i+k

(i) x%+3y*+2z>=6at (2,0,1) [Ans. ol

(i) x*+y*—-z*=1at(1,1,1)[Ans.

Solution : (i)Let @ = x2 + 2y? +z2 -7
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VO = 2xT + 4y] + 2zk

At (1,—-1,2),VQ = 27 — 4] + 4k

Vol =
) Vo 1-2j+2k
Unit vector normal to the surface = e = : ’3

Problem 12 : Find the equation of the tangent plane to the surface x? + 2y? + 3z% = 6 at
the point (1,-1,1).

Sol. : Let 7 = xT + yJ + zk
Let® =x2+2y?+3z2—6
VO = 2xT + 4yj + 6zk
At (1,—1,1), V@ = 27 — 4] + 6k=P
Let 7, =1—j+k
Equation of the tangent planeis (7 —73) - B = 0
(xT+yj+zk—@—]+k)) (2L — 4]+ 6k) =0
i.e.,x—2y+3z—6=0.

Problem 13 : Find the equation of the tangent plane to the surface x* — 4y? + 3z% + 4 =
0 at the point (3,2,1). [Ans. 3x-8y+3z+4=0]

Problem 14: Find the angle between the normals to the surface xy — z? = 0 at the points
(1,4,-2) and (-3,-3,3)

Solution : First find V@ at the points (1,4,-2) and (-3,-3,3).

At (1,4,—2),V0 = 47+ ] + 4k & At (=3,-3,3),V0 = —37 — 3] — 6k

. 41+j+4k) (-31-3j—-6k -13
If 6 is the angle between the normals then cos@ = (4T47+4Kk) 31376k _
V16+1+16V9+9+36 3v22

Problem 14: Show that the surfaces 5x?> —2yz—9x = 0 and 4x*y +z3 —4 =0 are
orthogonal at (1,-1,2).

Soln. : - Let @, = 5x% —2yz—9x and @, = 4x?y + z3 — 4
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VO, = (10x — 9)7 — 2z] — 2yk & VO, = 8xyl + 4x2] + 3z%k
At(1,-12) VO, =T— 4] + 2k & V@, = —8T + 4] + 12k
(V0 - (V@,) = (1— 47 + 2k ) - (—8T+ 4]+ 12k ) = 0
Thus the given two surfaces are orthogonal.

Problem 15: Find the angle between the normals to the intersecting surfaces xy — z% —
1=0and y*-3z—1=0 at (1,1,0). Also find a unit vector along the tangent to the

curve of intersection of the surfaces at (1,1,0).

Soln. : As in the previous problem find V@, & V@, at (1,1,0)
VO, =1+ &V, = 2] — 3k
Letd =7+j&b = 2] — 3k

Let 8 bet the angle between the normals to the surfaces.

Q
S

SIES
(o)}

~ cosO = =

Qu
S|

S

X

Q

Unit Vector along the tangent =

=

|a@x

o i) j z - -
dxb=|[1 1 o|=-30+3/+2kand|dx b| =22 (Verify)
0 2 -3
. _ —3T1+37+2k
Thus the unit vector along the tangent = s

Problem 16: Find the direction in which @ = xy? + yz? + zx? increases most rapidly at

the point (1,2,-3).
Soln. : Find V@ at (1,2,-3)
Direction of V(xy? + yz? + zx?) = —21 + 13] — 11k.

2.3 Divergence and curl of a vector point function

av; av;
14 %%

o Tyt

Definition:  If V = V,T+ V,j + Vsk is a vector point function, then the scalar

%" is called the divergence of V and is denoted by divW  (or) V- V.
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If V-V = 0 then the vector V is said to be solenoidal.

The summation notation for divergenceisV-V = Y7~ v

Definition : f V=V,T+V,j + V3k then the vector l(a‘;3 —aalzz)

k (%2 — aVl) is called the curl of V and is denoted by curlV (or) V x V.

T 7k
Now,VxV=[2 2 2
dx OJdy 0z
v, V, Vi

If VX V = 0 then the vector V is said to be irrotational.

S OV
+7(5-

3)
ox T

Note 2.4 : The divergence of a vector point function is a scalar and the curl of a vector point

function is a vector.

v.v=v.y70
Note25:V-V=V Zlax

Theorem 2.5 : If 4 and B are vector point functions, '@’ a scalar point function and ‘k’ a

constant then, () V- (A+B)=V-A+V-B
(i) V - (kA) = k(V - 4)
(iii) V - (pA)=(V®) - A + ¢(V - A)
vy Vx(A+B)=VxA+VxB
V) V7 x(kA) =k x 4)
(vi) ¥V x (PA)=(VD) X A + O(V x A)

Proof : () V- (A+B) =X a(A+B) =y7- (g—f+§)=2ﬁ aA+Z” ‘;—E

=V-A+V-B

(i) V- (kA) =1 a(kA) =kY1- ﬁ[Since,kisaconstant]: k(V - 4)

_,

(i) v-(04) =312 _ 57 2it 02— 57 Li 15702

2. A+oxT "’A-(vcs) A+0(V-R)

C”Is

=yis
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(V) Vx(A+B5)=3ix2 oy @18 _yix Py i

=VXA+VxB

6(kA)

v)  Vx(kd)=XYix==2=kX1 >< [Slnce k is a constant]= k(V x A4)
vi) Vx(pd)=xi xa(‘“) Six[2A+0Y=3ix2i+5ixpZ

:Zf

°’|s

XA+ 0X7T x——(V(Z))xA+(Z)(V><A)

Theorem 2.6 : If 4 and B are vector point functions then,
() V(A -B)=Ax(VxB)+(A-V)B+Bx(Vx4)+(B-V)A
(i) V-(AxB)=(VxA4)-B-(VxB)-4

iy vx(@xB)={B v)i-(v-A)B)-{@ v)B- (v B)4)

Proof : (i) V(A-B) = X.7- 2(45)

ox

_z oA Bad 0B
B 0x 0x

=312 B|+3i]4-Z

ool

=3B 2]+ 2P| 2 (1)
Now,ﬁx(?x‘;—z) = (/T-ax)z—(A *)—

(Using, @ x (b x &) = (@ &)b — (d- b)d)

ﬁx(?xg)+(ﬁ-?)§=(ﬁ-g)?

Taking summation on both sides.
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2N}
| S
N———
=~
Il
g
o )
X
~l
X
S
~
+
g
N\
)
NS
S8

215

Interchanging A and B, we get

z[(E-g)ﬂ =B X (VXA)HB VA e (3)
Put (2) and (3) in (1) we get,
V(A-B)=Ax(VxB)+(A-V)BE+Bx (VxA)+(B-V)A

- - aE

(iyV-(AxB)=Yxi- a(AXB) zz-(g—fxB+Ax—)

ox
—z* agxﬁ +Z* ﬁxaﬁ —z* ajxf_}’ Z* aﬁxﬁ
B ! (Ox ) b ax)_ ' 0x ' (ax )
=YTX (Z—f . §) - »ix (g - A) [Interchanging dot and cross]

(iii) Vx(ﬁxﬁ)=Z?x@z2?x(g—fx§+ﬁxa—3)

->6A

Now,?x(gxﬁ) = (1 B)——( =B

Zi’x(—xﬁ) Z(z B) Z(z g—f)ﬁ
=3(F-)E-L(-2)F=F 3iZ-3(i-2)B

= -3ip) A-3(-5)F
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Interchanging A &B we get, X1 X (Z—i
Put (2) and (3) in (1) we get the result.

Problem 17 : Show that the vector 4 = x2221 + xyz%j — xz3k is solenoidal.

©)

N v A = (724792 L9\, (2,27 22 _ .. 37
Solutlon.VA—(Lax+]ay+kaz) (x22%7 + xyz?] — xz°k)
2,2 2 _ 3
ie., oz o(xyz )+ 0CX27) _ 9372 4 x22 — 3x22 = 3x22 — 3xz2 = 0.
ox dy dz

Problem 18: If the vector 3xi + (x + y)j — azk is solenoidal, find a.
Solution : Let 4 = 3x7+ (x + )] — azk

Given 4 is solenoidal. Therefore, V- 4'=0

- - 6 - 6 T a - - >

i.e., (la +]£+ k&) -(3xT+ (x +y)j—azk) =0

a(3x) n (x+y) _9(az) _

dx dy 0z 0

i.e.,
i.e., 3+1-a=0 =>a=4.
Problem 19 : If # = xT + yj + zk, Show that 7 - 7 = 3.

Solution : Given # = x7 + yJ + zk

% 62) - (xT+ y] + zk)

za(x)+3(3’)+3(z)
0z

=1+1+1=3
dx dy

Problem 20 : If ¥ = xT + yj + zk and r = |F| show that 7 - (r"F) = (n + 3)1™.

Solution : V- (r™7) = V™) 7+ 1r™"(V 1) e, (1)

vemy = 1200 ;207 | g0

0x dy 0z
= tnr"? o + jnrnt o + knr1 or
ox 0 0z

32 Manonmaniam Sundaranar University, Directorate of Distance & Continuing Education,

Tirunelveli.



L X L Y - .z
=nr" 1=+ fnr® 1=+ knrt1-
r r T

=nr™2(Ix +Jy + Ez) =nr" %7
(1) =>V: (TnF) = (nr""zf . 'F) +r"3 = nrn_z(f-’ . T_Z) +7r"3
=nr" 2+ "3 ="+ "3 = (n+ 3)r"

Problem 21 : Show that V - (T%F) —0&V-p=2

r

1 1 - .
V(;) = —r—3r (Verify)
1—> 1 - - 1 3 2
% (—r)z(——r) F+-3=——=Xr?+—=-—
r r3 r 3 ror

Problem 22 : If F=xi+yj+zkandr=[F| show that V-(f(r)¥) =rf () +
3 f(r). Alsoif V- (f(r)r) = 0 show that f(r) = r% where c is an arbitrary constant.

Solution : V- (F(1)#) = V(f (1)) - # + f(r) (V- 7)
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',

V(f(r)) == 7 (Verify)
V- (D) = L5 7 4 £()3 = 1 () + )3

r
Also, given V- (f(r)¥) =0
Thus, rf'(r)+ f(r)3=0
rf'(r) =—f(r)3

f/y)y 3
f@r) r

Integrating both sides with respect to r

o) (3
f(r)dr——J;dr

log f(r) = =3logr + logc = —logr3® + logc = logc — logr® =logc/r3
Cc
Thus, log f(r) = log =
Thus, f(r) = r% where c is an arbitrary constant.

Problem 23 : If ‘a’ is a constant vector and 7 = xi+ yj+zk then show thatV-

{(d-Hr}=4@@-7r).
Solution : Let @ = a,7 + a,] + ask
Given # = xT + yJ + zk
a-7=a.x +a,y+asz
Now, V- {(a )7} =V-{(a1x + a,y + a3z)7}
=V(ax + a,y +azz) 7+ (ax + a,y + az2) (V- 1) v @))

-

d(ayx + a,y + asz dlax +a,y + asz
V(ayx + apy + azz) = T (a4 2Y 3)+f(1 2Y 3)+

0x ady

- 0(ax +ayy + asz)
k
dz

N
= a1?+ azj‘l' a3k:a
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Also, V- =3

s =>V-{(a-HDHf}=a-7+3@-r)=4@@-r)
Problem 24: Find the value of ‘a’ if 4 = (axy — z2)i + (x% + 2y2)] + (¥* — axz)k is
irrotational.
Solution : Given, 4 is irrotational.
~UxA=0
2V xA=Qy—-2y)i—(—az + 22)] + 2x — ax)k
VxA=0=>Qy—2y)i—(—az + 22)] + (2x — ax)k = 07 + 07 + 0k
“2x—ax =0
La=2.
Problem 25 : Show that the following vector point functions are irrotational.

(i) (4xy — 23)T + 2x%] — 3x2%k

(i) (3x2+2y2+1)i+ (4xy—3y’z—3)]+ (2 —-yDk

(i)  (y%+ 2xz% — 1) + 2xyj + 2x%zk
Problem 26 : Show that the following vector (y*—z? + 3yz — 2x)i + (3xz + 2xy)J +
(3xy —2xz + ZZ)E is both solenoidal and irrotational.

Problem 27 : If ¥ = x{ + yj + zk for all f(r), show that 7 x {(fr)F}=0.

Solution : We have, V x (f(r)7) = V(f(r)) X7+ f(r)(VxT)

f'@) .
V(f(r)) = " r (Verify)
T ] k
vxp=[2 2 2|=0
dx 0y 0z
X y z

—

Thus, v x (fF () = 227 x 7+ £(r)(0) = +0 = 0.
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Problem 28 : : If # = xT + yj + zk show that V x (r"F) = 0.

VX (") =Va™) x 7 +r™(VXT)

Solution :
a(rm™) ar™) -a@™)
n - 2 2
V™) =1 9% +] 3y +k PP
_ 2 ..n-1 or + Tyl ar + E n-1 ar
=1nr 7% jnr 3y nr e
y 7 1 E

x
=nr" 1=+ nr® 1=+ knr™”
r r

=nr™2(Ix +Jy + Ez) = nr" %7

i 7k
vxr=|9 2 29|=0

ox 0Jdy 0z

X Yy Zz

A (D) =>UX () = Ve XF+ 1" (VX 7) = " 2¢ x # 4+ (0) =0

Problem 29 : Show that 7 x # = 0.
(Hint: Put # = - 7)
Problem 30 : If B = W x 7 where w is a constant vector and 7 = xi + yj + zk. Show that
1 S
Ecurlv =w.

Solution : Let W = wyT + w,] + wsk

- -> ov - a(WX‘F) - (—> a ))
rlv =YTX—=Y1X = X X —=
curlv LX o l o > 1 WX —

=Yix Wx1) [Since,z—i=fl
:Z[(T.DW_ @ W) = Z(T-T)W—Z(?-Wﬁ
W= 2w

=(W+W+W) —(Wil+wyj +wsk) = 3w —w =2

- — 1 - —
Thus, curlv = 2w ; Hence, Ecurlv =w.
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Problem 31 : If ‘a’ is a constant vector, show that

() Vx{@PF=dx7
iy V-{@x#=0
Solution :
(i) Letd = a i+ a,j + ask
Vx{(@-»i}= (V@ -N}x#+ (@ -7V x7

a-7=ax+ay+asz

J0(ax +ayy +aszz) _0(a;x + ayy + asz)
L +J +

via-n = d0x dy

»0(a1x + ayy + azz)
k
0z

= a1?+ azj + a3E:a
Vx?=0

Thus,

-

Vx{@ MNit=dx7+(@-70=4d x

i

(i) V-(@x?)=-V-Fxd)=—-(Vx#)xd=-0xd=0.
Problem 32 : If 4 and B are irrotational, show that 4 x B is solenoidal.

Solution : Given, A and B are irrotational

Therefore,

To prove, A x B is solenoidal
i.e., to prove V - (/T x B )=0
Now, V- (AxB)=(VxA)-B—(VxB)-A=0-0=0.

Hence, A X B is solenoidal.
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UNIT III
LAPLACIAN OPERATOR & LINE INTEGRALS

3.1 Laplacian Differential operator

. 92 92 .
The operator V2 defined by V?= +—+ﬁ is called Laplacian

differential operator.
Laplace Equation

- 2 = 0 (ie L0420 020 _ is said to satisfi
If @ is such that V@ = 0 (i.e.,o— + 32 T o = 0) the @ is said to satisfied

Laplace equation.
Harmonic function

A single valued function f(x,y,z) is said to be a harmonic function if its

second order partial derivative exists and are continuous and if the function satisfies the

Laplace equation V2f = 0.
Theorem 3.1 : If @ is a scalar point function then,

(i) Divergence of the gradient of @ is V29 i.e.,V - (V) = V20
(i) Curl of the gradient of @ vanishes. (i.e.,) V x (V@) = 0.

Proof :
(i)  Wehave, Vg = fa—‘”+*a—‘”+k—
) 96 qa (D (D - 00
029 020 0%0 )
_6x2+6y2+622_v¢
T ]k
. 9 9 9
(i) Vx(V0)=|ox 3y oz
20 20 20
dx 0y 0z

_T(azq) _ azw)_a(azw _ az¢)+E(aZ¢ _ 62®)
“"\oydz 0azdy J\axaz ~ azox axdy  dyodx
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-

=07+ 07+ 0k = 0

Theorem 3.2 :
then
divergence of a curl of a vector vanishes. i.e., V- (V x 4) = 0

()
(i) ©vx(VxA4)=v(v-4)-v*4
T 7k
Proof: (i) vx A=[2 2 2
dx 0dy 0z
Ay Ay A
_ (%4 _ 082\ _ 3 (0As _ 9Av) | 1 (04s _ 0dy
_l(ﬁ az) J(ax 6z)+k(ax ay)
U A) = (12472 p D). [p(P _ 042\ _ 5 (245 _ 0Ar) | (942 _ 0y
v (VXA)_(lax-l-Jay-l_kaz) [l(ay 62) ](6x Oz) (ax oy
_0%43 __62A2__ 0%4;  0%A, , 0%4, __62A1__
B dxdy 0xdz 0xdy 0ydz 0xd0z 0yoz -
i [ 7% _0As) (s _ M) | T (04 0
D) VXA_l(ay az) (ax az) (ax ay)
i i k
d d d
Vx (VxA)= 2 dy 0z
d0A; 0A4, <6A3 6A1) dA, 04,
dy 0z 0x 0z dx dy
7l (242 _oary @ (34 _am)] >
_l_ay(ax 6y)+az(6x 62)] Jeeeeee
25 024, 2A1 82A3 82A1
axdy axaz 0z

Z 2A2 924, 62A1+82A1
axay dxdoz \ dy? = 9z2
024, <62A1 62A1>l

024, 0%4A; 0%A, N
dy? = 0z?

B Z l laxay Toxoz T oz T ot

(Add and subtract

z 2A2 2A3 024, 62A1+62A1+62A1
axay axaz d0x? ox? ~ 0y? = 0z?

If 4 AT+ Ayj + Agﬁ where A4, A,, A3 have continuous second partials

)

0%Aq
dx2 )
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aA d0A dA 0%4, 0%A, 0°A

z 2, 9% 1)_ Lo 1 1

ax 0z dx 0x?  dy? = 0z?
(.0 (04, 04 6A3> L 0%A, 0%A, 0%4A,
_Zlﬂ( ax " ay oz _Z‘(axz o2 T2

Ny ? ? ? »
=Yi-(V-4) - V?A=V(V-4) - V*A.

Problem 1 : Show that V2 (logr) = rlz

Solution : V2(logr) = (logr) + (logr) + (logr) ....... (1)

Now, 3 (logn) = [ Gogr)| = 2 [1 5] = 55 (4] = 52 ]

r ox

2x% 1
T T T2
2 2 2 2
Similarly, aa—yz(logr) = —Zr%+ ~& %(logr) = —%+riz.

Then Sub. all the values in (1) we get,

X 2x2 1 2y 1 2z2 1
V(lOgT)_——+——T—4+T—2—T—4+T—2

Z(x + y? +z2) 2r2 1 3

r* r2 rt rz2 7

Problem 2 : Show that V2(r™) = n(n + 1)r" 2.
Solution : V2(r™) = — (™) + (r”) + (r”) ....... (1)
% ™) =nx?*(n—2)r"* + nr" 2
Slmllarly (r") =ny?(n—2)r'"*+nr"? &
az2 (rn) =nz?(n — 2)r"* + nr"?

s (D) =>V?r) =nx?(n -2+t nyf(n -2t 2 +

nz?(n— 2)r** + nr"?
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=nrn"2,

Problem 3 : Show that (V x V) x 7 = —2V.
[Hint: Let V = V,T + Vo] + Vak & 7 = xT+ y] + zk
First find V x V and then find (V x V) x 7]
Problem 4 : Show that (V- V)V = 27V — ¥V x (V x V).
Problem 5 : If @ is a harmonic function then show that V@ is solenoidal.
Solution : Given, @ is a harmonic function.
~ We have,V?@ = 0
To prove, V@ is solenoidal
i.e.,, toprove, V-V =0
V-V =V0=0
Hence, V@ is solenoidal.
Problem 6: Show that 7 - (a7 — YV Q) = V> — YV20.
Solution : LHS=V - (V) — YV@) = V- (@VY)) — V- (YVB)  ........... 1)
Consider, V- (@Vy)
Let A = Vi
Now, V- (@A) = V@ - A+ @(V-A) = VB -V + @(V- V) = V@ - Vi + B(V2y)
Now, consider V - (V@)
Let B = V@
V-(WB)=Vy-B+y(V-B) =V Vo + (V- V0) = Vip - VO + (V20)
(1)=>, V- (8Vy — V) = VO - Vi 4+ B(V2)) — Vi - VP — (V20)

Thus, V - (0Vi) — YV@) = PVZ) — PV2Q.
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Problem 7: Show that V2f(r) = f"'(r) + %f’(r). Also, show that if V2f(r) = 0, then

f(r):g + B, where a and B are arbitrary constants.

I<
Y
3

. a P
Solution : We have, 72 =x2 +y2 4+ z2and—==,= =2,
ax r dy r 0z

2 2 aZ

0
Vif(r) = (6362 + 3y + aZz>f(7')

=—(f( ))+—(f( ))+ (f(r))

a !
2 (rm) = m L0

r

ar or
r|f M1+ xf"(r) 5z = f)x ==
(f( ) = (f (:)x) [ 6x] 0x

r2

_rlronsxr o] - o

r2

Pt e -0

r2

_r2 @)+ ) =)

73

V2f(r)

) ) =X ) Ay ) + () = YA () A2 ) + 2 () — 22 ()
= e

_ " Ayt + 2] 4+ 302 1() - () +y* + 27]
r3

_ @) +302 ) - £/

r3

_ T + 2

r3

= )+ )

2
VIf) = 0= () +—f'(r) =0
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f'()

+2-0
HORE

=

Integrating, f’;,—((:))dr + f%dr =c

= logf'(r) + 2 logr = logk
= logf'(r) + logr? = logk
= logf'(r)r? = logk
= f'(r2=k

k
> f0) ==

T'Z
Integrating, [ f'(r)dr = f%dr + B

(04

= f()= 2t B = @) =4
Problem 8: Show that (V@) x (V) is solenoidal.
Solution : To prove (V@) x (Vi) is solenoidal.
i.e., to prove that V- ((V@) x (7)) =0
Let A= V® and B = V.
2V (V@) x (7)) =V - (4 x B)
=B-(VxA)—A4-(VxB)
_F.5-4d-3=0.
Hence, (V) x (V) is solenoidal.

Problem 9: Prove the following:

i) VoY) = (V0)- (V) + B(V*yh)
iy V-8(Ve) = (V) +o(V?e)

(iii)y ¥ xo(Wy) = (Vo) x (V)

(iv) Vxoe)=0.
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Solution : (i) We know that V - 4 = (V@) - 4 + @(V - A)
=~ V-0(VY) = (VD) - (V) + (V- Vi)
= (V@) - (V§) + B8(V*y)
(ii ) We know that V - @4 = (V@) - 4 + @(V - 4)
~ V- 9(V0) = (V9) - (V@) + B(V - VD)
= (V9)* + 8(V*0)
(iii)  We know that V x @4 = (V@) x A + @(V x A)
2 VX O(V) = (V) X (Vb) + B(V X Vi)
= (V@) x (V) + 0(0)
= (V) x (V)
(iv)  Weknow that V x @4 = (V@) x A + @(V x A)
= VX @(Ve) = (V) x (V@) + B(V x V@)
=0+ 0(0)
= 0.
3.2 LINE INTEGRALS

Suppose that C is an arc of a curve oriented from the end point A to the end point B.
Let @ be a scalar point function defined at all points on C. Divide C arbitrarily into m parts.
Let PyP;, P,P,, P,P;, ............., Pp_1B, be the m arcs. Also let As; be the arcual distance
of P, from P;,_; and Q; a point on the arc P,_,;P;. It is noted the As;i=

1,2,3,..........,m, are all positive. Now the limit of the sum

Yt B(Q)As; =0(Q1)As; + B(Q)Asy + v v e e . +O(Qr)AS e (3.1.1)

As m — oo and maxAs; — 0, if it exists, is called the line or curvilinear integral of @ along C

and is denoted by

J,@ds or fC(AB)(Z)ds,

C is called the path of integration. Now it is evident that
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f Qds =— f O ds
C(AB) C(BA)

When the equation of C is given in intrinsic form r = x(s)T + y(s)j + z(s)E,O <s<
[, A and B correspond respectively to s=0 and s = [. Now, for points on C, @ is a function of

sonlyandso (3.1.1) is

l
f Pds = f D{x(s),y(s),z(s)} ds.

C(AB)

Further, if the equation of C is given in terms of a parameter w in the form = x(u)7 +

y(w)j + z(u)ﬁ , U; < u <u, whereu; and u, correspond to A and B, then

Uy 4
] O ds = ] (Z){x(u),y(u),z(u)}ﬁ du.

C(AB) Uuq
3.2.1 CONSERVATIVE FIELD AND SCALAR POTENTIAL

If a vector field f is such that there exists the scalar point function ¢ such that f =

Ve, the f is said to be conservative field and ¢ is said to be scalar potential.
Theorem 1:

In a conservative field f, fcf - dr = 0 where C is any simple closed curve.

Theorem 3.2.1 : The necessary and sufficient condition for the line integral fcml Az)f -dr
to be independent of the path of integration is the existence of a scalar point function ¢
such thatf =Ve.

Proof : Necessary part

Given that the line integral depends on the end points alone.
We have to prove the existence of a scalar function ¢ such that f = Vo.

Suppose that f is defined in D and that the symbol (A,P) denotes any curve in D

joining A; and P. If P(x,y,z) is a variable point in D, then the line integral f(Alp)f- dr

.......... (1) depends on P and not on the curve (4;P).
Hence, the integral (1) defines a scalar point function in D.

Let this function be denoted by ¢ (P), that is, ¢(x, y, z).
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(x,y,z) f . d?

(*1,¥1.21)

Hence (p(x;Y;Z) = f(AlP)f. d? =

Let P;(x + Ax, y, z) be a point in D in the neighbourhood of P. Then

-

fear

=
|
—

o(x+Ax,y,2) = f f-d
(A1P) (A1PPy)

= ff-d?+ Jf-d?

(A1P) (PP1)

=@(x,y,z) + f f-d?

(PPy)
= o+ Ax,y,2) —p(x,y,2z) = f(PPI)]?- ar ............ )

Since the line integral is independent of the path of integration in D, we shall evaluate
the integral in (2) by choosing (PP;) as the straight line joining P & P;. This path is
evidently parallel to the x-axis and along it dy = 0 and dz = 0.

hpl
—e

X

YA
1A

»
»

Let f = fi+ fo] + fak. Then (2) becomes

Py
0G+82,3,2) = 9(3.2) = [ (T4 S + £ dxd
P
Py
= f frdx
P
(x+Ax,y,z)
o+ Ax,y,z) —p(x,y,z) 1 J p
“ Ax T Ax frdx
(xy,2)

Taking limitas P, — P, that is Ax — 0, we getg—f = fi.

.. 0 d
Similarly, % = fand 32 = fs.
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Hence, f = i+ fof + fok = f = 27+ 527 + 22K = Vg,

X 0z

Sufficient Part:

Given that there exists a scalar function ¢ such that Vo = f . Let C be an arbitrary
curve with end points (x4, y4,2z1) and (xy, v, Z5).

Now [_f - d7 = [.(Ve) - dF

do, Odp, 0@ R R -
‘f(ﬁ”@”gk) (de+dy]+dzk)
c

g g g
= f (adXﬁ'Edy'i—EdZ)

=]d¢
C

(x2,Y2,22)

= [(p (x, y, Z)] (%1,¥1,21)

c

= @(x2,¥2,22) — 9(x1,¥1,21)

which is independent of the configuration of C. Hence the proof.

Theorem 3.2.2 : In a conservative field, 7 fcf dr = 0, where C is any simple closed
curve.

E D
Proof:

Let A, B, D, E be points on C taken in these in which C is oriented.

Now, [ f-di = [, f-di+ [ f-dF

= ff-dﬂ ff-d?

ABD —-AED
= ff-d?— ff-d?
ABD AED
= Jf-d?— ff-d?
ABD ABD
= 0.
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Theorem 3.2.3 : The necessary and sufficient condition for a vector field f to be
conservative is that V x f = 0.

Proof :

Necessity part : Given f to be conservative.

Let ¢ be the scalar potential.
Then, Vx f =V x Vg = 0.
Sufficiency part :
Now, V X f = 0.
To prove, f IS conservative.
i.e., to prove there exists ¢ such that f = Vo.

Let f = fil+ fo] + fak. ThenV x f = 0 implies

ioj ok
0 0 9f_%
0x ay 0z
f1 fZ f3
—i(2L ) (%L O (%0
dy 0z x5z 0x Oy
_ o 0fs _Ofi _ o ang P2 _0h1 _
9s_92_y ————=0and ——-——=—=
ay EP Ox 0z 0x ay
af3 _9f 9 _9h nd%%
ay a9z’ ox 9z dx dy
..................... ) 1 P(x,y,2)
/‘A(Xl; Zl)
B(J:J C(xy;zl)
0
N —>

[ Foai= [ 1hGoy 2+ oy + fiy2d

ABCP ABCP
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= [1hiGoy2dx + 603,24y + fx,7. 2]

+ f oGy 2)dx + f(x,y, 2)dy + f3(x, y, 2)dz]

BC

+ f o Goy, 2)dx + f5(x, 3, 2)dy + f3(x, v, 2)dz]
CP

x y z
= ff1(x»J’1,Z1)dx+ ffz(x»%zl)dy+ Jf3(x,y,z)dz

= @(x,y,z),say [ It is a scalar point function]

Z a u
. az =04+0+— f 3(x,y,2)dz = f3(x,y,z)dz. | F ff(u)duzf(u)]

do
E = O +f2(x,y,zl) + jfz(X,y,Z)dZ

Z1

[ a
~hoym) + [ o fiGyadz By (1]

= fZ(xly'Zl) + [fz(x'%z)]gl
= (0, y,21) + (0, y,2) — f2(x,y,21)
= fz(x,y,z)

y z
9o 9 9
2 fnm) + [ hlovmdy + [ fGy

9 [0
= Aoz + | 3 fiGoymdy+ | 3 AGy2dz [By D)

Y1 Z1
=16y, 2z0) + 10y, 20) — il ynz) + iy, 2) — f1(x, Y, 21)
= fi(x,y, 2).

Thus there exists a scalar function ¢ such that

op

f=fl+fij+fk=f=="1i+

Hence, f is a conservative field.
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LINE INTEGRAL OF A CONSERVATIVE VECTOR

When f is conservative, the integral fgf;’l Z‘ZZ:)) f - dr can also be evaluated by using
the scalar potential,
f- dr =V -dr
L0p  L0¢ ¢ B, a7
(la +]E + k6_> (dxT + dyj + dzk)
® % dp
5 d +6ydy+6 dz =dg

Problems

Find the value of the integral fCZf- dr where 4 = yzi + zxj — xyk inthe following

cases.
Q) C is a curve whose parametric equations are x = t,y = t?,z = t3 drawn
from 0(0,0,0)to Q(2,4,8).
@m C IS a curve obtain by joining
OtoA(2,0,0),then Ato B(2,4,0)and then B to Q by straight lines.
(iii)  C s the straight line joining O to Q.
Solution:
(i) If 7 is the position vector, # = x7 + yj + zk
F=tl+ 2] + 3k
A = yzi + zx] — xyk
=51+ t*] - 3k
t varies from 0 to 2.
dr = d(O)T+ d(t?)] + d(t>)k =T + 2t + 3t%k
A-dr = (t5T+ t*] — t3k) - T+ 2t] + 3t%k
=t> + 2t> — 3¢5
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Thus, [ A - dr = [, 0dt = 0.

(i) JA-dr=[, A-dr+ [ A-dr+ [ A

The parametric equation of the straight line using vector equation is
F=(1-t)d+th,0<t< 1.

Equation of OAis# = (1 — )0 + t(20),0 < t < 1.

Thus7 =2t 0 <t < 1.

A-dr =
f/f-drzO
0A

Equation of ABis7 = (1 — t)2T+ t(2T+ 4)),0 <t < 1.

Thus 7 =21+ 4t5,0<t <1.

Along AB, x =2,y = 4t,z = 0.
A = yzT + zx] — xyk = 07 + 0f — 2(4t)k = —8tk

Equation of BQis7# = (1 — t)(2T + 4)) + t(2T+ 4 + 8%),0 <t<1.
Thus 7 = (2 — 2t +2t)T+ (4—4t +4t)j+8tk,0 <t < 1.
= 20+ 4] + 8tk

d7 = 8dtl.
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Along BQ, x = 2,y = 4,z = 8t.
A = yzi + zxj — xyk = 4(80)T + (8)2] — 2(4)k
= 327 + 16t — 8k.

A-dr = —64dt
1
f A-dr = f —64dt
BQ 0
= —64[t]} = —64

L (1) > f/f-dr=0+0—64=—64.
C
(iti)  C s the straight line joining O(0, 0, 0) to Q(2, 4, 8).

. . . X=X — —
Cartesian equation of OQ is —=% = 221 — 2741
X2—X1 Y2=Y1 2272y

=>x=2t,y=4t,z=8t,0<t < 1.
A = yzi + zxj — xyk = 4t(8t)7 + (8t)2t] — 2t (4t)k

= 32t27 + 16t%] — 8t%k
dr = d(2t)7 + d(40)] + d(8t)k = 2dtT + 4dt] + 8dtk

A~ dr = (32621 + 16t%] — 8t2k) - (2dti + 4dtj + 8dtk)
= 64t2dt + 64t%dt — 64t%dt = 64t%dt.

1

J/T-dr=j64t2dt

c 0

e ltT 64
3], 3

Problem 2: In the vector field F = z(x + yJj + zk) evaluate fcf - d7 along the following

curves:

(i) x=ty=t?z=1tfrom(0,0, 0)to(1,1,1)

(i) rectilinear curve obtained by joining O(0, 0, 0), A(1, 0, 0), B(1, 1, 0), C(1,
1,1) by the straight lines.

(iii)  straight line joining (0, 0, 0) to (1, 1, 1).

Solution: F = z(xT + yj + zk) and d7 = dxi + dy] + dzk

Curve Cisgivenby x = t,y = t?,z = t3
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o dx = dt,dy = 2tdt, dz = 3t%dt

F=t3(t0+ t3 + t3k) = t*T+ t57 + t°k
F-d7 = (t*T + t57 + tOk)- (dtT + 2tdt] + 3t2dtk)
= t*dt + 2tedt + 3t8dt
= (t* + 2t® + 3t®)d¢t.

1
fﬁ-d? = f(t4+2t6 + 3t8)dt
0

C
~ t5+2t7 391"
|5 7 9
0
1 2 1 86
5 7 3 105

(i) rectilinear curve obtained by joining O(0, 0, 0), A(Z, 0, 0), B(1, 1, 0), C(1, 1,1) by the
straight lines.

JFrdi =] A-dr+ [ A-dr+ [ A-dr... 1)
jA dr = ,jﬁ-dr= ,j/f dr=§
04 AB BC
Jﬁ dF = 1
=3

(iiy x=ty=tz=t0<t<1l [ F-di=1
Problem 3: Find fcf-d?

() F=3xyi—y* andCisthecurve x = t,y = 2¢* from (0,0) to (1, 2);

(i) F = (3x%+ 6y)i — 14yzyj + 20xz%k and C is the curve x = t,y = t2,z = t3
from (0, 0,0) to (1, 1, 1).

[Ans. (i) -7/6 (ii) 5]

Problem 4 : Show that the work done in moving a particle in the field of force F =

3xyl+ (x + y)j —zk along the curve x = t + 1,y = t — 1,z = 2 from (2, 0, 1) to (4, 2,
9)is-12.

Solution : Given F = 3xyl + (x + )] — zk
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CurveCis, x =t+1,y=t—1,z = t?
X=2&X=4 . t=x—-122-1=1&t=4—-1=3.
F=3+1)t—-1I+@+1+¢t—1)]—t%k
= 3(t2 — 1)T + 2t — t2k.
d¥ = dti + dt] + 2tdtk.
F-di = (3(t% — 1)+ 2t — t2k) - (dti + dt] + 2tdtk)
= (3t? — 3 + 2t — 2t3)dt.

3
fﬁ-d?:j(3t2—3+zt—zt3)dt
c 1

_[3¢3 3H_th 26417
13 2 4

1
81 1
= [27—9+9——]—[1—3+1——] = —12.
2 2
Problem 5: Show that, if C is the circle x = 3cost,y = 3sint,z = 0, then gﬁc[(Zx -y +
)i+ (x+y—2z3)j+ Bx—-2y+ 4z)ﬁ] -dr = 18m.
Solution : Given F = [Cx—y+2)T+(x+y—2z)]+(Bx—2y+ 4Z)E]
Curve Cis x = 3cost,y = 3sint,z =10
~ dx = —3sintdt, dy = 3costdt, dz=0
F = (6cost — 3sint + 0)T + (3cost + 3sint — 0)] + (9cost — 6sint + 0)k
= (6cost — 3sint)T + (3cost + 3sint)j + (9cost — 6sint)k
d# = —3sint dti + 3costdt] + 0dtk.
F - d# = ((6cost — 3sint)T + (3cost + 3sint)] + (9cost — 6sint)k)
- (—3sint dti + 3costdt))

= [—18sintcost + 9sin?t]dt + [9cos?t + 9sintcost]dt
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= [—18sintcost + 9sin®t + 9cos?t + 9sintcost]dt

= [—9sintcost + 9]dt

sin2t
Y

21

R stt
f -dr =f 9[1 dt
0

[t COS2t]
4 I

cos4mn [ cos0
] —9

—9[2
[”+ 4

—9[2 +1] 9[1_—18
= Tty 2l = .

Problem 6: Show that, if C is the semi-circle x? + y? = 1, z=0, drawn from (1, 0, 0) to (-1,
0,0) through (0, 1, 0), then [..(x3 — y*)dy = 3?"

Solution : Curve Cis x = cost,y = sint,z=0,0<t<mn

dx = —sintdt,dy = cost dt

f(x3 —y3dy = f(cos3t — sin3t)costdt
= j(cos“‘t — sin3tcost) dt

= f((coszt)2 — sin’tsintcost) dt

f 1+ cosZt (1 — cosZt) sin2t gt
2 2
0

1
= j [Z (1 + cos?2t + 2cos2t — sin2t + sin2tcos2t) ] dt
0
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1+ cos4t sin4t
(1 + — + 2cos2t — sin2t + ) ] dt

1 1 cos4t sin4t
[Z(l + -+ > + 2cos2t — sin2t + > ) ] dt

+2+8+2+2 8

—[1(1: 1 sindt 2sin2t cos2t cos4t) ]”
0

Problem 7: Evaluate the following integrals if C is the arc of the parabola y? = 2x,z =

from (0, 0, 0) to (1/2,0,0) and @ = 3y — 2,4 = 2xyi + yj + xzk:
(i)  [.ods (i) [ Ads (i) [A-dr (i) [Axdr
Solution: Given 4 = 2xy? + yj + xzk

Curve Cis y? = 2x

2
Puty=t t? =2x>x==,z=0,0<t<1.

dt =+/t% + 1dt
dt +

sds =

1
f@ds = J(St —1)4/t% + 1dt
Cc 0

2
3
=jzx/ﬁdt [put t? +1=h2tdt =dh,t =0=>h=1t=1=h=2]
1
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=2V2 - 1.
(i) [.Ads= [ 3T+ )V + 1dt =1[=2(vZ+ 1) + 7[5 (2v2 - 1)].
(i) [ A-dr=[(t*+t)dt = 7/10

12

(iv) [ Axdr=[k({t*—t)dt=k (— i).

Problem 8: If 4 = yi — zj + xk and C is the arc of the curve 7 = cosui + sinuj + uk

where the parameter u takes the values from 0 to 27, show that the following:

() [ Ads = -2v2] (i) [[A-dr=—m (i) [ A x dF = —(21® + m)i + 27].

1/2
ds =

i . . . x2  y? _ _ b%2x%  a’y?
Problem 9: Show that if C is the ellipse — + 55 =1,z = 0 then fc( " +—)

(a® + b?)m.

ar

[Hint : Parametric equations of ellipse x = acost,y = bsint,0 <t < 2m,ds = " dt =

Va?sin?t + b2cos?tdt].
Problem 10: Show that if C is the triangle with vertices (0, 0, 0), (1, 0, 0), (1, 1,0), then

1
J ¥%dx + x*dy) = +

Problem 11: Show that the integral of F = (3x% + 6xy)i + (3x2 — y3)j is independent
of path of integration. Find fcf - d7 along any curve joining (0, 0) and (1, 2).

Solution : For proving F is conservative field, we show that V x ¥ = 0.

Now, V X F =
dax

3x2+ 6xy 3x%—7y3

|Q) ~y
glo =
o Plo =
Il
ol

Hence, F is conservative field.

Hence, F = V@ for some scalar @. By theorem, fcﬁ - d7 is independent of path C.

Cartesian equation of line joining (0, 0) and (1, 2) is %g =0

2-0

=>x=ty=2t0<t<1.

F = (15t2)7 + (3t% — 8t3)]
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dr = dti + 2dtj.

1
fﬁ A7 = f((15t2)7+ (3t% — 8t3)7) - (dt7 + 2dt))
C 0

1
= f(211:2 —16t3)dt
0

£3 471
=[21——16—
251y

=7—-4=3.
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UNIT-IV

SURFACE INTEGRAL & VOLUME INTEGRAL

4.1 Surface Integrals

Given a scalar point function ¢ defined at all points of a surface S, the limit of the

sum

$(QAS) + ¢(Q2)AS; + -+ + ¢ (Q)ASy, D

as m — oo and max ASi — 0, where 45;,4S,, ..., 4S,, are the areas of the m small
arbitrary bits of surfaces into which S is subdivided and Q; is a point in AS;, is called the
surface integral of ¢ on S and is denoted by | fs ¢ dS. This integral is scalar.

Similarly, if we consider f a vector point function defined on S, instead of ¢, we get

the surface integral off on S to be ffsde =1f[frdS+][] f>dS + Effsfg, dS, where f=

AT+HfT+f5 k. If ¢ and Aare twopoint functions defined on S, then some more point

- -

functions can be defined on S such as ¢ 11, A.n, Ax#. Correspondingly, we have the surface
integrals [f ¢ 7ds, ffsﬁ.ﬁ ds, ffsﬁxﬁ ds.

We have dS = 7idS, the above integrals can be written as

ﬂqbdiffﬁ.df‘,ﬂﬁx a3
S S

In physical application, the integral ffsﬁ .dS is called the flux of 4 through S.

Evaluation of surface integrals

o[ ot
Ryy |n.k|

floes-1I, o
floes=Jl, +%x

R, are the projection of the surface S on the X0Y,Y0Z, XOZplanes.

where R,..,, R

xyr Ryz
Problem 1. Evaluate the integral [[,(A.7)dS if 4 =4yi+18zj— xkand Sis the

surface of the portion of the plane 3x + 2y + 6z = 6contained in the first octant.
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Solution. Given 4 = 4y 7+ 18z — x k and ¢ = 3x + 2y + 6z — 6.

Now, ff (A ‘Fi) ds = ff (A _)) dxdy where 11 = Vo

Vel
a¢a 0¢+ 0 -
——k=30+2
Vo = I +6y]+0 k=30+ ]+6k
V| =vVo+4+36=7
1 -
w A== (30+2] + 6k)
Hence,ﬁ.E=§and
L1 6
An= ;(12y+36z—6x)— (2y+6z—x)=§(2y+6—3x—2y—x)
~2(6-4)

On the xoy-plane, z = 0.

“3x+2y=6 > y="2

-y varies from 0 to 3 — 37x and x varies from 0 to 2.

23—
= f f (3 — 2x) dxdy
x=0Yy=0

3x

2 3-5
= Zf (3 - Zx)f dydx
x=0 y=0

2 3x
= ZJ (3—2x) [y]z_de

2[;0(3 — 2x) (3 —3;) dx
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2 9x
=2f (9———6x+3x)d
2

[9x———3x +xl
0

=2[18—-9—-12+8—-0]
=2(26—-21)=10

Problem 2. Evaluate the integral ffs(ﬁ. 1) dS if A= (x + y2)i — 2x j + 2yz kand Sis the

surface of the portion of the plane 2x + y + 2z = 6contained in the first octant.

Solution. Given 4 = (x + y2)i— 2xj + 2yzk and ¢ = 2x +y + 2z — 6.

Now, [[(4.7) dS = [f (A i) Tf‘ily where 7i = %‘

ad)—) ad’—) (I) - - '
—_— =2 2
Vo = I +(’)y]+6z L+ ]+ 2k

Vol =VE+1+4=3
=—(21+]+2k)

3i
=

2
Hence, =3 and

> 1
A.ﬁ=§(2x+2y2 —2x + 4yz)
2
=§()’2+2}’Z)
2 2
=3 +y(6-2x-y))
2 2 2
=507 +6y—2xy—y7)

2
=3 (6x — 2xy)
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= %(3 —x)y
On the xoy-plane, z = 0.
W 2x+y=6 > y=6—2x.
=~ y varies from 0 to 6 — 2x and x varies from 0 to 3.

o= o2

y

3 ,3-2x
= 2f f (3 — x)ydxdy
x=0Yy=0

3 3-2x
= 2f 3 - x)f ydydx
x=0 y=0

3 2 6—2x
Zf (3—x) [y—l dx
x=0 2 0

3
f (3—x) (36 — 24 + 4x?)dx
x=0

3
=4f (3—x) (9 —6x + x?)dx

x=0

3
=4 (27 — 18x + 3x% — 9x + 6x2? — x3) dx

x=0
x? , 1 43
=4[27x—277+3x —le
0
9 81
=4[81_27(§)+81_T]
=4(81) —6(81) + 4(81) — 81 =81

Problem 3. Evaluate the integral [f,(4.7)dS ifA =18z71—12j+3ykand Sis the

surface of the portion of the plane 2x + 3y + 6z = 12contained in the first octant.
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Solution. Givend = 1827 — 127+ 3y kand ¢ = 2x + 3y + 6z — 12.
Now, [f,(4.7)ds = [f,_ (A 1) quy where 7t = Ivzl
0, 0¢, 0¢-

e T =27+ 37+ 6k
axl-l-ayj-f-a k I+ 3]+ 6k

V| =V4+9+36=7

Vo =

— 1 - - -
« == (20+ 3]+ 6k)
Hence, k= gand

ﬂs(j.ﬁ)ds=£60f4_2?x%(3—x)d;/d7y

2X

6 4 3
=2 j j (3 —x) dydx
x=0Yy=0
2x

6
=2 .I;=0(3 —x) [y]z_?dx

=2L6=0(3—x)<4—2?x)dx

6 2x2
=2f <12—2x—4x+—>dx
x=0 3

2 6
=2 [12 — 3x2 +—x3]
9 1

= 2[72 — 108 + 48]
=2(12) = 24

Problem 4. Find the area of the surface Sof the portion of the plane 3x + 2y + 6z =
6contained in the first octant.

Solution. Given ¢ =3x + y + 2z —6.
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_ dxdy _ V¢>
Now, ff. dS = ff ST where 71 = Tt

0P, P, 0P . .
V¢—axl+ay1+azk—3l+2]+6k

-

Hence, .k = =
On the xoy-plane, z = 0.
-'-3x+2y=6=>y=3—§x.

~ yvariesfrom0to3 — ;x and x varies from 0 to 2.

2 3_3_xd d
N 2 aAx
. Area = ff(Aﬁ) ds =J j Y
S x=0/y=0 6/7

3x

7 (% (32
= - dydx
ok

7 (2 3—37"

—gLﬂUh dx

2] (3-3x)a

=5) 5% ) dx
6[3x__x]
7
—6[6—3]——

Problem 5. Sis the surface of the portion of the plane 2x + 2y + z = 4, in the first
octantand 4 = 2xj — xz k. Show that the following:

) [(AR)ds=4

ii) JI(G)ds =8

i)y f[,AdS =4(2j-k)

iv) ff(Axn)dS——l——]+16z

Solution. i) Given 4 = 2x ] — xz k and p=2x+2y+z—4

Now, [[j(4.7) ds = [f, (4.7) Ty where i = 2.

aqh i 04
Vo = a +6y]+6 k—21+2]+k
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V| =Vd+4+1=3
1 -
ﬁ:7(2?+ 2] + k)

1
- and

3l
=
I

Hence,

L2 1
A.n=—=(2x) +§(—xz)

3
_1(4_
=3 X — XZ)
1
=§(4—Z)x

1
=§(4—4+2x+2y)x

2 2
=50 +x)

On the xoy-plane, z = 0.
“2X 2y =4 >y =2 —x.
~ yvaries from 0to 2 — x and x varies from 0 to 2.

ﬂ(A n)ds = f fz x(x 2+ xy) f;;y

2—x
= 2] J (x2 + xy) dydx
=0Yy=0

22x

2
ZJ Ix y+x— dx
x=0

N

:szo[xz(Z—x)+;(4—4x+x2)]dx

2 3
=2f 2x% —x3 4+ 2x — 2x% + — | dx
x=0 2
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if) Wehave 7 = 27+ 2] + k and ¢ = 2x + 2y + z — 4.

> — _ - — dxdy —)_&
Now, [[.(#.7) dS = ffoy(r. n) Y where 71 = el
dp, 0, 0 . o
V¢—al+@]+zk—21+2]+k
V| =vV4+4+1=3
1 -
ﬁz;(2?+zj+k)
Hence, 7. k = = and

5o 2 2 1
TJ1—-§(X)4'§(y)4-§(Z)

1
=§(2x+2y+z)

1
=§(2x+2y+4—2x—2y)=3

On the xoy-plane, z = 0.
L 2x+2y=4 > y=2-—x.
~ y varies from 0 to 2 — x and x varies from 0 to 2.

flemes= 357
r.n = -
S x=0Yy=0 3 1/3

2 2—x
=4 f f dydx
x=0Yy=0
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iii) Given A = 2xj—xzkand ¢ = 2x + 2y +z—4 = 0.
wA=2xj—xzk
=2x]—x(4—-2x - 2y)k
= 2x ] — (2x% + 2xy — 4x)k

e _ > dxdy - V¢
Now, [ AdS = ffoyA Y where 71 = Vol
dp_, o0, d¢p- . . >
Vop=—1+—]+—k=20+2]+k
0] 6xl+6y + P L+ 2]+

Vol =Vad+4+1=3

1 -
L A= 5(22+ 2] + k)
Hence, 7. k = %
On the xoy-plane, z = 0.
n2x+2y=4>y=2—x.
~ y varies from 0 to 2 — x and x varies from 0 to 2.
5 2 r2x . dxdy
ffA ds = f f [2x] + (2x% + 2xy — 4x)k]
S x=0 y:O 1/3

2 2—x
= 3[ f [2x] + (2x% + 2xy — 4x)E]dydx
x=0Yy=0

2
=3j
x=0

2
3 f [2x(2 — 2)] + {2x%(2 — x) + x(4 — 4x + x?) — 4x(2 — x)} E]dx

=0

2 2—x
2x] + <2x2y + 2xy7 - 4xy> kl dx
0

2
= 3] [(4x — 2x2)] + {(4x? — 2x3 + 4x — 4x® + x3 — 8x + 4x2}k]dx
x=0

2
= 3[ [(4x — 2x2)] + (4x? — x® — 4x)E]dx
x=0
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=3[(s-3)r+ (5 -+-9)4

= (24 —16)] + (32 — 36)k
= 8] + 4k

= 4(2] — k)

iv) Given 4 = 2xf—xz§and¢ =2x+2y+z—-4=0.
wA=2xj—xzk
=2x]—x(4—2x - 2y)k
= 2x] — (2x% + 2xy — 4x)k

Now, [f,(A x #) ds = [], (Ax*)Tf‘nyheren—%.
06, 00, 0b.
\Y —k=20+2+k
¢ = I +6y]+6 L+ 2]+
Vol =Va+4+1=3
1 -
g ﬁ=§(2?+ 2] + k)
Hence, 7i.k = -
T k
N 2
Also Ax7=[0 2x 2x°+2xy—4x
2 2 1
3 3 3

L[2 2 . 2
=l[gx—g(sz+2xy—4x)]—][0—§(2x2+2xy—4x)]
- 4'
+k[0——x]
—l[—x——x ——xy] ][Sx + = xy——x]+k[——x]

On the xoy-plane, z = 0.
W 2x+2y=4>=>y=2—x.
-y varies from 0 to 2 — x and x varies from 0 to 2.

f fs (4

X 7)dS

B T P R
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2 2—x
= f f [?[10x — 4x? — 4xy] — j[4x? + 4xy — 8x] + k[—4x ]] dydx
x=0Yy=0
2 N 5 - 2—x
= f [1[10xy — 4x2%y — 4xy?] — Jl4x%y + 2xy? — 8xy] + k[—4xy ]] dx

x=0 °
2
= f {f[10x(2 — x) — 4x%(2 — x) — 2x(4 — 4x + x?)]

—J14x%(2 — x) + 2%(4 — 4x + x?) — 8x(2 — x)]
+ k[—4x(2 — x)]} dx

2
= f {7[20x — 10x2 — 8x% + 4x3 — 8x + 8x2 — 2x°]
X

=0
—J[8x2 — 4x3 + 8x — 8x? + 2x3 — 16x + 8x?]

+ k[—8x + 4x2]} dx

2
= f [?[12x — 10x2 + 2x3] — J[8x% — 2x3 — 8x] + k[-8x + 4x2]] dx
x=0

1 2

10 1 8 - 4
lev2z _ 2310 2.4 _ 72,3 _2,4_ 4,2 A2 L 23
r|6x 3x +2x] ][3x Zx 4x]+k[ 4x +3x”

0

—*[24 80+8] *[64 8 16]+E[ 16+32]
-t 3 I3 3

196 —807] _[64—72] [—48+ 32
ok e R R

=55+ 5]

Problem 6. Show that [[((7.7) dS = 3, where Sis the surface of the cube bounded by the

planesx = 0,x = 1,y = 0,y = 1,z = 0,z = 1.

Solution: Suppose the faces whose equations are x = 0,x = 1,y = 0,y = 1,z

0,z = 1 are respectively named S;,S,, S5, 54, S5, S¢ and 7 denotes the unit normal to them

drawn outwards.
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SA »}’ (D

onS,x=0,7=yj+zk, i = —i.

~ y varies from 0 to 1 and z varies from 0 to 1.

1 1
f 7. 7) dS = f f (0) dydz = 0.
S1 y=0+Yz=0

onS,x=1,7=1+y]+zk @ =1

=~ y varies from 0 to 1 and z varies from 0 to 1.

P —
N
~
s
S|
p—
QU
95)
Il
< 2
1] =
o
N
1] =
o
= <
Sl
o~ gu
—I N

On S5,y = 0,7 =x0+zk, 7= —J.

- x varies from 0 to 1 and z varies from 0 to 1.

1 1
f (7.n)dS = f f (0) dydz = 0.
S3 x=0+Yz=0

onS,y=17=xi+]+zk d=].

~ x varies from 0 to 1 and z varies from 0 to 1.

ﬂs (?.ﬁ)dS=L1
=fl fl dxdz =
x=0Jz=0

- x varies from 0 to 1 and y varies from 0 to 1.

1 dxdz
f )
0Yz=0

7. ]

OnSs,z=0,7=xi+y], @i =—k.
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fs (7.n)dS = f::o fyiO(O) dxdy = 0.

OnSez=17=xi+y/+k 7=k

- x varies from 0 to 1 and y varies from 0 to 1.

ﬂsé(m) ds = L:ino(1)|xdy|

(7.71) d5+f

Hence,

f(f.ﬁ)dszf (?.ﬁ)d5+f (?.?z)d5+f (?.ﬁ)ds+f (7.7) dS
S S1 Sy

S3 Sa Ss

+ f (#.n)dsS
Se
=04+14+04+14+04+1=3

Problem 7. Show that [[,(F.%)dS if F = (x + )i + xJ + zkand § is the surface of the

cube bounded by the planesx = 0,x = 1,y = 0,y = 1,z = 0,z = 1.

Solution: Suppose the faces whose equations are x = 0,x = 1,y = 0,y = 1,z =
0,z = 1 are respectively named S;, S5, S5, 54, Ss , S¢ and 7 denotes the unit normal to them

drawn outwards.

S4 b ¥ (D

OnS;,x =0, F= yJ + zk, it = —1.

=~ y varies from 0 to 1 and z varies from 0 to 1.

S ot dydz
.[j (F.n)d.s:J f (—y)T
S1 y=07z=0 |n. 7]

1

= —j ydy
y=0
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>
onS,x=1F=QQ+y)i+]+zk =1
~ y varies from 0 to 1 and z varies from 0 to 1.

5 ot dydz
f (F.ﬁ’)dSzf f (1+y) IZ*
52 y=0 VA n'll

=0

1 1
= f f (1+y)dydz
y=0+vz=0

=f (1 + y)[zlb dy
y

On S3,y = 0,F =xi+ xj’+ZE,?1= —J.

-~ x varies from 0 to 1 and z varies from 0 to 1.

JS (F.7)dS = J::O L:O(—x) dxdz

1
=—f x dx
x=0

onS,y=1F=(@x+1Di+x]+zk =]

- x varies from 0 to 1 and z varies from 0 to 1.

JEmes- [ [ 05

1 1
=f f x dxdz
x=0+Yz=0
1
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1
= f xdx
x=0
-]

0

2

_1
)

OnS5,z=O,ﬁ=(x+y)?+xf,ﬁ=—7€.

~ x varies from 0 to 1 and y varies from 0 to 1.

f (ﬁ.ﬁ)dszfl fl (0) dxdy = 0.
Ss x=0Jy=0

OnSgz=17=(x+yl+x/+k =k

- x varies from 0 to 1 and y varies from 0 to 1.

- Lot dxd
[ Ewas=| [ @==
Se x=07y=0 |n.k|

1 1
=j j dydx =1
x=0Yy=0
Hence,

] (7.)as = f (s + j (s + j (s + j (Emyas
+f (ﬁ.ﬁ)ds+f (F.7) ds

= 1+3 1+1+0+1—2
22 22 N

Cylindrical Surface:

Problem 8. Evaluate [[(A.7)dS if A = yzi+ 2y%j+ xz%kand S is the surface of the

cylinder x2 + y? = 9 contained in the first octant between the planesz = 0andz = 2.

Solution. Let the projection R of S on the xoz-plane be the rectangle OABC.
Risgivenby0 < x < 3and0 < z < 2.

Given 4 = yzi + 2y?] + xz%kand ¢ is x2 + y? = 9

Now, ff,(4.7)dS = [, (A7) df‘fz where 7i = Ivzl
_ ¢ dp, 0¢p-
Vo = I 0 6 k = 2xi+ 2yJ

|Vp| = 4x2 + 4y2 = /4(9) = 6
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=- (le + 2y7)

Hence, 7i.7 = ~ and

S 1 1 1
An= §(xyz) + §(Zy3) = §}’(XZ +2y?%)

2‘(k)
C | z=2
£
ﬁ A
g P |
® > L
i R /0 b3 y(J)
1.7 0
P _—
. <0

3
= f f (xz + 2y?)dzdx
x=0+Yz=0
3 2
= j f (xz + 18 — 2x?)dzdx
0

) 2
z
X + 18z — 2xzzl dx
0

13
x=0

3
=f [2x + 36 — 4x?]dx
x=0

3713

X
= x2+36x—4?
0

=9+ 108 —-36 =81

Problem 9. Evaluate [[(A4.7) dS if 4 = zi + xj + y*k and § is the surface of the cylinder

x% + y* = 1 contained in the first octant between the planesz = 0 and z = 2.

Solution. Let the projection R of S on the xoz-plane be the rectangle OABC.
Risgivenby0 < x < 1and0 < z < 2.
Given 4 = zi + xj + y2k and ¢ is x% + y% = 1.
Now, [f(4.7)dS = [f, (A ) d’f‘f where 7i = —%

Vel
d
Vo —a—¢7+£]—’+a—¢k = 2xT+ 2yJ
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|Vp| = 4x2 + 4y2 = \/4(1) = 2

z‘(k)
cC | z=2
—_—
A
® -
R /0 A y(J)

-~
~
—
~

— 1 - - -
TS E(Zm +2y)) = xt+yj
Hence, 7.7 = y and

AR =xz+xy
dxdz

fs(/f ?1) dsS = L:O j:o(xz + xy) ]

- (xz+xm)%

1 2
f f x) dzdx
=0 1 — x

Z 2
—+ le dx

1

.
-1

V1 —x2 2

\/ﬁ2+2x]dx [1—x2=t=2xdx = —dt]
—x

1

x= 0V1_x

— ° —dt 211
—L=17+[x 1o

1
dx+f 2xdx

0
=f t=2dt +1
t=1

= [2t1/2](1) +1

=2+1=3.

Problem 10. Evaluate [f,(4.7)dS if 4 = 4xi— 2yj+ z’kand S is the surface of the

region bounded by x*> + y> = 4,z = 0,z = 3.
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Solution. Let S be divided into three parts S;, S,, S5 where S; denotes the curved surface, S,
denotes the plane surface in the z = 0 plane and S5 denotes the plane surface in the z = 3
plane. Cylindrical coordinates of the cylinder are (r, 8, z).

Here,r = 2. Hencex = rcos@ = 2cos0,y = rsinf = 2sinf,z = z.

dS =7rdf dz = 2 d6 dz. Now 7i = l\‘;zl

0p. 00, 0¢s

ng——L E a—k—2x1+2y]

V| = /4x2 + 4y2 = \J4(4) = 4

=—(2xl+2yf) ——(xL+yf)

A. r_i=—(4x —2y3).

24r (Z)
C S, 2z=3
Sy (x,#z)
z=0 y ()
x (3) +yr=4

> 3 1
f (A.R)ds = f f —(4x? — 2y3) 2d0 dz
S —02
1
21
=2j j (2x? —y3)df dz
=0vz=0
T 3
=2f f (8cos?6 —8sin®0) do dz
—16] j (cos? 6 —sin3 ) dO dz
0=
= 16] (cos? 6 —sin36)(3)do dz
6=0
21 1 1
= 48[ <—(1 + cos20) ——(3sin 6 — sin 30 )>d9 dz
6=0 \2 4

_ 48 [1 (9 N sin 26) 1( 3 c0sg 4 5 39)}2”
P 2 4\ 7008 3/,

=18 E (2 +0) - %(—3(1) + %) —%(0) +%(—3(1) + %)]
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= 48[m + 0] = 48m.

.y

= Jfg,(

3

1) dS = fls,9ds

o[ e
S3

= 9 X (area of the circle with radius 2)
= 9(m x 22)
= 36m

ﬂ(ﬁ.ﬁ) dS = 48m + 0 + 367 = 84r.
N

Problem 11. Find the area of the curved surface of the region common to the cylinders

x* + y* = a?, x* + z* = a® contained in the first octant.

Solution. Let the curved surface belonging to the cylinder x? + y% = a?be S;and the curved
surface belonging to the cylinder x? + z% = a?be S,. Project the surfaces S;on xy-plane and

S,on xz-plane, respectively.

ap
0x

*+6¢E—2*+2E
Jt g k=12xi+2z

T+

d
=27, 28

V| = 4x2 + 422 = \[4(a?) = 2a
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L 1 R - _l I
. n—%(2x1+22k) —a(xl+zk)

a aZ—x2 a
~ Areaof §; = f ds; = f J — dx dy
S x=0Jy=0 z
a va?-x? 1
a f f ———dydx
0/y=0 a? — x?

xX=
a
1 2 2
a ——— [y ¥ dx
fx=01/a2 — 20

a? — x2%dx

a 1
a —————————
fx=01/a2 _ XZ
a
=a f dx
x=0
=a(a) = a?
By symmetry, || fsz ds, = a?.
Required area = a? + a? = 2a%.

Hemispherical Surface

Problem 12. Evaluate [f,(4.7) dS if A = xi + yj — 2zkand S is the surface of the sphere
x% + y? + z? = a*above thexoy-plane.

Solution. Given surface ¢ = x2 + y2 + z2 —a?, n = |§_z|'

'V

09 9. 0.
d

J+——k = 2x7+ 2yj + 2zk

V¢_6_ 0z

V| = \/4x2 + 4y? + 422 = \/4(a?) = 2a
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1 =g - e 1 =g =g 7
n—z(2x1+2y]+22k)=a(xl+y]+zk)
- 1
nk =—(2).
a
A= (2T +yj — ZZE).i(x?+yf+ ZE)
1
(2 L v2 9,2
—a(x + y* —2z°%)
Lo, 2 2 _ .2 _ 22
=E(x +y2—2(a® —x%—y?)

1
== (3x% + 3y%? — 2a?%)

c[Gayas = @nT dxdy

.
Rxy | kl

1 a
= ff —(3x* + 3y% — 2a%) —dxdy
Ryy @ z

1
= ff (3x% + 3y? — 2a%)dxdy
Ry a2 — X% — 2

Putx =rcos 8,y = rsinf. Thendxdy = rdrd6.

2n
1
JI(A ) dS = J ——Br?—2a*)rdrdf
p=oVaz —r?
J \/ﬁ (37”2 - 2(12) r dr[e](z)”
r=0 -

1
LO ~ (3r2 — 2a®) r dr(2m)

1
= ZHJ ———((3r?2—-2a?*)rdr
r=oVa? —r?

Puta? —r2 =t. Then —2r dr = dt.

H(A n)ds_an zf(sa — 3t — 2a?)(—dt)
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0 1
=2nf —(a?-3t)dt
t= az\/—
° 1 / /
=2nf — (a?t~ 1?2 — 3t1/2)dt
t azﬁ( )

a2
=27 [a22t—1/2 -3 (;) t3/2]

0
= 2n[2a%a — 2a?]
= 2m[2a® — 2a?]
= 0.
Problem 13. .5 is the surface of the hemisphere x% + y2 + 22 = a%,z > 0 and 4 = zk.

Show that[[ (4. %) dS = [[(a® — x* — y?)V/? dxdy = %na?

Solution. Given surface ¢ = x2 + y2 + z2 —a? 7 = %‘
d d
Vo = _¢7+£f+a—¢k = 2xT + 2yj + 2zk

V| = /4x2 + 4y% + 422 = \/4(a?) = 2a

= —(ZXL +2y] + 2zk) = —(XL +yj + zk)

ﬁ.k’:-(z).
a

‘v

A7 = (zk).= (xT+ y] + zk)

-~ @)
ﬂ (A7) ds = f (A7) Y

S
Rxy | kl

1 a
= ff —(z?) —dxdy
Rey @ z
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= ff z dxdy
R

xy
Rxy

Putx =rcos 8,y = rsinf. Thendxdy = rdrd6.

r 0 a

0 0 2T

a 2
-'-ﬂ(ﬁ.ﬁ)dSzf f vaz—r2rdrdo
S r=0J6=0
a
= f vaz —r2rdr[0]3"
r=0
a
= j Jaz —r?2rdr(2m)
r=0
a
= 27‘["[ \mr dr
r=0

Puta? —r2 =t. Then —2r dr = dt.

ffs (A7) ds = 2n tiazﬁ(—dt)

a2
= 2nj (t¥/2) dt
t

=0

a?

)]

Problem 14. Find the area of the surface Sof the hemisphere x* + y? + z> = a?,z > 0.

Solution. Given surface ¢ = x% + y? + z? = a?,
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Vo = i+ = 2xT+ 2y] + 2zk

09, 3
0x dy

L9%%
oz

|Vp| = 4x2 + 4y2 + 422 = \/4(a?) = 2a
= 1 - - e 1 N N g
= %(le + 2yj + 2zk) = E(XL +yJ + zk)
1
n.k =—(2).
a

~ Area of the surface = f as
S
B ff dxdy
Ray |r‘i.E|
j f 2 dxd
= —ax y
Rxy Z

ﬂ /
=a
Rey A% —x%2 —y2

Putx =rcos 8,y = rsinf. Thendxdy = rdrd6.

dxdy

r 0 a

0 0 21

~ Area of the surface = f f as
S

rdrdf
[ =

J Omrdr[e]m

= f \/ﬁ r dT(Zﬂ)
r=0 -
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a
= Zna.f —— rdr
—ovVa? —r?

Puta? —r? =t. Then —=2r dr = dt.

~ Area of the surface = f as

0
= 27Taf \/_( dt/2)

a?

=ma [ (t7Y?)dt
t=0
= 1'ta[21:1/2]g2
= mal2a]

= 27ma.
Parabolic cylinder

Problem 15. Evaluate [f;(4.7) dSif A = yi — xj + zkand Sis the surface of the parabolic

cylinder y? — 4x = 0in the first octant bounded by the planes x = 4andz = 3.

Solution. Let the projection R of S on the xoz-plane be the rectangle OABC.

-
>

w

o

™.

¥
Given 4 = y7 — xJ + zkand ¢isy? — 4x = 0.
Now, ff,(4.7)dS = [, (A7) df‘f where 7 = ~&

Vol
Vo = £T+£j’+a—¢k = —47+ 2yj
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IVp| = /16 + 4y? = 2\/4 + y?

1 1
f R (=44 2y]) = —— (=20 + y))
2/4+y? JA+y?
Hence, 7.7 = iyz and
Adi= Y [-2-2x]

ffs(ﬁ.ﬁ) ds = Liofziow%yz[—z ]

4
= 3f (-2 —x)dx
x=0
x2]*
=3|-2x— 7]
0
= 3[-8— 8]
= —48.

Problem 16. Evaluate [ (A.7)dSif 4 =yi—xj+zkand Sis the surface of the

paraboliccylinderz? — 4x = 0in the first octant bounded by the planes x = 3and y =

4.

Solution. Let the projection R of S on the xoy-plane be the rectangle OABC. Now S is
specifiedby 0 <x < 3and0 < y < 4.
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Given A = yi — xJ + zkand ¢is z% — 4x = 0.
Now, [[,(4.#)ds = [f, (A.7)T5 o

=i 2 where 71 —w—¢|.
0 0
Vo =a—¢f+£j+a—¢k = —47 + 2zk

|[Vp| =16 + 222 = 24 + 22

1 1 -
= —(—47+22)) = —(-21+zk
2V4 + z2 J \/4+zz( )

3 4
1
= —— (—2y + 4x) dydx [z% = 4x]
o) o

3 1
f — [—y2 + 4xyls dx
= 2 X

f —( 16 + 16x) dx

S
= 8] [—x 2+x2]dx
x=0

12 7
=8 [—sz + §x3/2]

=8 [—2\/} + %x\/}]
= 8[—2V3 + 2V3]

Problem 17. A surface Shas a projection Ron the xoy-plane. Show that the area of

Sis’ﬂs{l * (z_i)z + (az) } dxdy or ], {HL_FT(@)}

0z

dxdyaccording as the equation of

Sisz = f(x,y)or F(x,y,z) =

Solution: i) z = f(x,y).
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vp=20; 90, 0Py 02, 0%, 1k
Pty T T Ty
V| = (62)2 (62)2+1
¢ 0x dy
0z, 0z, -
. V¢ alﬁ—@]-i—lk
. N = =
\%
x y
. 1
Hencen.k =
9z 9z\*
[y
dxd
s =1
S Rln.k|
9z\* 9z\* 1z
=HR{1+(&) +(@)} dxdy
i)p = F(x,y,z) = 0.

9., 0p, b OF, OF, OF.
V=t T oy ek T T ey T ek
V| = (6F)2+(6F)2+(6F>2
ol = 0x ady 0z

J0F, OF., OF~>
PAl= =
ey
0x dy 0z
oF
Hence .k = 0z

(@@ ey
fas= [ 2

[ dz\*  (0z\*]]

_ |{1+(ﬁ)aF+ (@) }|dxdy

.f—L[ = J
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4.2. Volume Integral

The volume integral is denoted by [ff (function) dV.

If the vector isf = f,7+ f,] + fsk, then the volume integral is

ffvfdvzﬁﬂvfl dv+fﬂfvf2 dV+EHfo3 av

Cylindrical co-ordinates

The relation between x, y, z and r, 8, z and that between dx dy dz and dr d6 dz are

x =rcosB,y =rsinf,z = zanddxdydz = (rdrdf)dz.
Spherical co-ordinates

The relation between x, y, zand r, 8, ¢ and that between dx dy dz and dr df d¢ are
x =rsinfcosp,y =rsinfsing,z = rcosfanddx dydz = (r2sin ) dr dé do.

Example 1. Evaluate [ff, V.FdVif F = x27 + y%j + z%kand if V is the volume of the

regionenclosed by thecube 0 < x,y,z < 1.
Solution.
V.F = (?i +76i + E:—Z) (x%T+ y% + 2%k)
— LG + 5 () + 2 ()

=2x+ 2y + 2z
“VF=2(x+y+2)

1 1 1
Jﬂv.ﬁdV=j J j 2x+y+2z)dxdydz
14 x=0Yy=0Yz=0

1 1 221°
=2] J Ixz+yz+—l dydx
x=07y=0 2 1

1 1 1
=2f f (x+y+—)dydx
x=0Yy=0 2

1 2 1
=2f lxy+y—+zl dx
x 0

=2]1 (x+1)dx

=0
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_2x2+ 1
= > X
0

of

—2><3
B 2

Example 2. [ff,45x?y dV, where V is the region bounded by the planes x

0,z =0,4x + 2y + z = 8.

Solution:

|
2 4-2x 8—4x-2y
IU 45x%y dV = f f f 45x%y dz dy dx
14 x=0Yy=0 z=0
2 4-2x
— 45f f x%y [2]8" % dy dx
x=0Yy=0
2 4-2x
= 45f f x%y (8 — 4x — 2y)dy dx
x=0Yy=0
2 4-2x
=45 [8x2y — 4x3y — 2x%y?] dy dx
x=0Yy=0
~ 2 4-2x7g8x202  4x3y2  2x2y8 4-2x
= 45 - — dx
x=0Jy=0 2 2 3 o

2 2x3
= 45f l4x2(4 —2x)% —2x3(4 — 2x)? — = (4 - 2x)3l dx
x=0

45 (?
= ?f [12x2(16 — 16x + 4x?) — 6x3(16 — 16x + 4x?)
X

—2x%(64 — 96x + 48x% — 8x3)]dx
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2
= 15f [192x2 — 192x3 + 48x* — 96x3 + 96x* — 24x5 — 128x?

x=0

+192x3 — 96x* + 16x5]dx

2
= 15f [—8x° + 48x* — 96x3 + 64x?] dx
x=0

x® x5 x* x31°
=15 l—8?+483— 96 + 64— O
—4x64 48 % 32 64 X 4
=15 [ + — 24 X 16 + ]
3 5
—1280 + 4608 — 5760 + 2560
=15 |
15
= 7168 — 7040
= 128.

W 45x2y dV = 128.
|4

Example 3. Evaluate [ff, V.FdV, where F = 2xzi — xj + y*kand V is the volume of the

regionenclosed by the cylinder x? + y? = a®between the planesz = 0,z = c.

Solution. Given cylinder is x> + y> = a?,z = 0,z = c.
Thenx = rcosf,y = rsinf,z = z
and dxdydz = rdrdfdz.

Alsor:0 - a; 0:0 » 2randz:0 - c.

A

- >

v

fffvﬁdV=fffv(2xzi’—xj’+yzﬁ)dv
=2?jﬂvxde—f.UijdV+E.Ujvyzdv
vaﬁ av=1I-1-L+I O ¢ §
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= [ e
14

27T c

a
?f J. f rcos @ z(r dz d@dr)
r=076=0/z=0

2T 72 ¢
=2?f f r c039< > dodr
r=0v0=0 2 0

a 2T 2
R c
= Zlf f r?cosé <—) dodr
r=0760=0 2

a
= csz r2 [sin 0]3"dr
T

N

= 0.
I, = 0. (2
e [[[av
%
a 2w pC
= ff f f rcos 0 z(r dz dOdr)
r=0J6=0Jz=0
a 2
= fj f r2cos 0 [z]5d0dr
r=0v6=0
a
= cfj r2 [sin 0] dr
r=0
= 0.
I, = 0. (3

w=i f[[ v
1%
2T

a c
= Ef f f r2sin? 0 z(r dz dOdr)
r=076=0

=§j J r3sin? 0 [z 16d0dr
r=0v0=

=C§ja 3 Q_stH]Z” .
r=o L2 4 1,
= ck ’ (1><27r>d
418
—ﬂckl l

atmck
4
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a*nck
Substituting (2), (3) and (4) in (1) we get,

S a*mck
ffdeVZO—O-I-
v 4

_a4ncE
=—0

Example 4. Evaluate [[f, V.AdVif 4 = 2x%i — y2] + 4xz%kand V is the region in the first

octantbounded by the cylinder y? + z? = 9andtheplanex = 2.

~\

. 0 d d
_ Y 2 Y, Y 2
V.A—ax(Zx y)+ay( y)+az(4xz)

= 4xy — 2y + 8xz
Here, x varies from 0 — 2, y varies from 0 — 3 and z varies from 0 — V9 — y2.
The cylindrical co-ordinates for (x, y, z) is (x, r, 8) where x = x, y = rcos6, z =
rsing.
Now, x varies from 0 — 2, r varies from 0 — 3 and 8 varies from 0 — g

Alsodx dy dz = r dxdr dé.

3 T

2 —
S 2
fffV.AdV:f f (4xy — 2y
4 x=0Yr=076=0

+ 8xz)rdO dr dx

T

2 3
2
=f f f r(4xrcos@ — 2rcosf + 8xrsinf) dO dr dx
x=0Jr=0Y6=0
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2 3 =
2
=.[ f J. (4x1r%cosO — 2r?2cos@ + 8xr?sinf) d dr dx
x=07r=076=0

2 3 T
= f f [(4x r?sin@ — 2r®sin@ — 8xr?cos0)]Z drdx
x=0vYTr

=0

2 3 T
= L:o-[; [(4x 72 — 2r% — 8x7%(0) — (—8xr2))]g dr dx

=0

2 3
f f (4x 1% — 2r? + 8x1r?) dx dr
0Jr

=0

fz [4x r r3 N 8xr3l3 p
X
x=0 3 3 0

2
= f (108x — 18) dx

_[rosx* T
0

=54x4—-18x2

fﬂvﬁdvz 216 — 36
\%4

= 180.

Example 5. Evaluate the following integral over the region common to the cylinders x? +

y2 = a?andx? + z2 = aZ%contained in the first octant if 4 = xyi — 3y2zj, [[| V x AdV =?

Solution:
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ﬂ%\

SR
5
Given, 4 = xyl — 3y2zJ.
7 i k
vxi=|2 2 9
0x dy 0z
xy —3y%z 0
= 7[0 + 3y%] — J[0 — 0] + k[0 — x]
= 3y2{ — xk

Given x? + y? = a? and x? + z? = a?.

& x:0-a,y:0 - Va? —x2andz: 0 - Va? — x2.

N a VaZ—xZ Nai-x?
fffoAdef f f 3y
|4 x=07y=0 z=0

— xk) dz dy dx
J

a
|
x=0Yy=0
e (Va7 N2
—kj f j xdzdy dx
x=0Yy=0 z=0

a vaz-x2
=Tf f 3y2 [z]Y% %" dy dx
x=0Yy=0

3y2dzdy dx

=0

L [e vaz-x2
—kf f x[]”‘2 dy dx
x=0Yy=0

a
=?J J 3y2+ya? —x2dydx
x=0

L [e va2-x2
—kf f x+a?—x?dydx
x=0Yy=0
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a
=?f Jaz — x2Ja? — x2(a? — x2) dx
x=0

a
—Ef x+/a? — x2\/a? — x% dx
x=0

a a
?f (a? — x?)(a® — x?) dx — E.I- x (a® —x?) dx
x=0 x=0

a
= ?f (a* — 2a?x? + x*) dx — E.I- (a’x — x3) dx
x=0 =

J . 227 x° C _Ta?x? x*®
=ilax—— +— —k
0

g

2
9[15a —10a® + 3a l : lZa4 — a4l

-t 15

3 18a —10a® 7 a*
B 4

- [a*
)

UNIT V
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GAUSS DIVERGENCE’S, GREEN’S AND STOKE’S THEOREM

5.1 GAUSS’ DIVERGENCE THEOREM
If V is the volume of a closed surface S and A, a vector point function with continuous
derivatives in V, then [ A-dS = [[f V-AdV.

Problems

Problem 1: Show that [[.7 ndS = 4ma® if S is the surface of the sphere x* +y* +

z* = a%
Solution. By Gauss’ divergence [[.#-dS = [ V-rdV ... (1)
v *—(*a+*a +Ea> (xt + yj + zk)
r=llgptigythy,) (ityi+z
_0X L 0 141=3
“0x dy 0z o

OE fvffv-ﬁdvzfvffsdv

= 3—mad = 4ma’
Sna ma

Hence proved.
Problem 2: Show that the volume V of the region enclosed by the surface S is %ffSF -ds.

Solution. By Gauss’ divergence [[.7-dS = [[[ V-7dV ... (1)

%gf-ds%fvffv-fdv
=%fvﬂ3dv
=%3J‘;f av =V.

1 -
Thus, V=2 [f;7 - dS

Hence proved.

Problem 3: Evaluate [ 7 - dS where (i) S is the sphere x* + y* + z° = 9
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(i) Sisthe cube bounded by x = -1, x=1,y=-1,y=1,z=-1,z=1.

Solution : (i) By Gauss’ divergence [[.7-dS = [[[,V-7dV ................ (1)
V*—(a o a)(”+ j + zk)
r=\lgx gy Thay) itttz
—ax ay 0z =1+1+1=3.
“ox c')y 0z B

OE fvffv-de=fof3dV

4
= 3§7T33 = 108m.

(ii ) By Gauss’ divergence [[.7-dS = [[[ V-7dV ... (1)

OE fvffv-ﬁdvzfvffsdv

1 1 1

s [ [ st

x=-1y=-1z=-1
11

=3 f f 1. dydx

x=—1y=—1

=3 f f (1+ 1)dydx
x=—1y=-1
1

=3x2 f [v]L,dx

x=-1
1

=6 f(l—i—l)dx

x=-1

=6 x 2[x]%,
=12 X 2 = 24.

Problem 4: Show, for a closed surface S enclosing a region of volume V, that

J[;(axt + byj + czk) - 7idS = (a + b + c)V.

Problem 5: If F = x37 + y3] + 23k and S is the surface of the sphere x2 + y2 + z% = a2,
F-71ids = 2 was

show that [f( F - idS = —~ma®.

Solution : By Gauss’ divergence ffsﬁ -ds = [ff, V- Fdv

V-F =32 +y%+2%)
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Using spherical polar co-ordinates, x = rsinfcosq,y = rsinfsing, z = rcosf
dxdydz = r?sinfdrdfde.

rvaries fromO0toa; 6:0 - m; ¢:0 - 21

Vs

a 2
f f f 3(r?sin%fcos?@ + r?sin?0sin@ + rcos?0)r?sinfdpdfdr

J;ffv-ﬁdvz

r=06=0¢=0
a W 27
= f f3r4(sin29(cosz<p+sin2<p)+c0529)sin9d<pd9dr
r=060=0¢=0
a W 27
=3 f f r*(sin?0 + cos?6)sinfdpdodr
=0 0=0 ¢=0
a T 2T
=3 f f fr“sin@dgod@dr
r=06=0 ¢=0
5 a
r T 21
= 3[(3) (—cos6)5 ()5 l
0
12
='?;7Ta5.

Problem 6: Evaluate [f,F -7idS if F = xi + yj — 2zk and S is the surface of the upper
hemisphere x% + y? + z2 = a?. [Ans. 0]

Problem 7: Evaluate ffSFf -7idS if 4 = 2xyi + yz%] + xzk and S is the surface of the
parallelepiped formed by the planes x=0, x=2, y=0, y=2, z=0, z=3. [Ans. 30]

Problem 8: Show that fst -ndS = ; if 4 = 4xzi — y%j + yzk and S is the surface of
the cube bounded by the planes x=0, x=1, y=0, y=1, z=0, z=1.

Problem 9: Evaluate fst -7idS, where 4 = xzi — yzj + 2z%k and S is the surface of the

region bounded by the following surfaces:
Q) x=0, x=1; y=0, y=2; z=0, z=3. [Ans. 36]
(i)  x=0,y=0, z=0, 4x+2y+z=8. [Ans. 256/3]
(iii)  x=0,y=0, z=0, z=2, x* + y> — 9 = 0. [Ans. 187]

3mwa*

(iv)  x=0,y=0, z=0, x2 + y* = a?,x% + 2% = a®. [Ans. —1

(v)  x=0,y=0,y=3,2z=25z=x2. [Ans. 15000].

Verification of Divergence Theorem
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Problem 10: Verify Gauss divergence theorem for the vector Zz(xz—yz)i

(y% — zx)j + (2% — xy)k taken over the parallelepiped defined by 0 < x<a,0<y <
b0 <z<c

Solution : By Gauss’ divergence [[.7-dS = [[f, V-7 dV

Suppose the faces whose equations are x = 0,x =a,y =0,y =b,z =0,z = c are

respectively named S;, S,, S5, S4, Ss, S and 7 denotes the unit vector normal to them

On S, (YZ — plane), take x = 0,71 = —1

A-i=-x*+yz=yz

On S,(YZ — plane), takex = a, i =1

A-7=x?—yz=a’—-yz

ﬂA nds = .[.[(a —yz) dydz
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c%b?
= ach —
a’c 2
On S;(XZ — plane), takey = 0,11 = —J
A =zx

—
o
S|
QU
95
I
OR’Q
O%n
Py
ey}
[\S]
I
N
R
N/
QU
N
QU
=
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cta
= b2qc —
ac——
On S<(XY — plane), take z = 0,7 = —k
A-R=xy
ab
.UA-ndSszxydxdy
Ss 0 0
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ffﬁ-ﬁds=ﬁ£-ﬁd$+ﬂj-ﬁd$+ffﬁ-ﬁds+ffﬁ-ﬁds+ﬂ£-ﬁds
S

S1 S, S3 Sy Ss
+ f f A-7RdS
Se

_(bo)? c*b* (ac)* c’a* (ab)* a’b?
—4+acb 4+4+bac 4+4+cab 2
=abc(a+b+cC) ... (1)

> (L0 0 [ 70 S N >
Now,V-A=(la+]£+k£)-(( 2—yz)z+(y2—zx)]+(zz—xy)k)
=2(x+y+2z2).
a b c
fffV-ZdV=j-fj-2(x+y+z)dzdydx
% 000

x2 2 2 a
=2 |— — N
[Zcb+26x+ ZxL

_ 2[a*ch + ab®*c + abc?]
B 2

=abc(a+b+¢) ... (2).
From (1) & (2) Gauss divergence theorem is verified.

Problem 11: Verify the divergence theorem for A=(x + )i+ xf+zE taken over the
region V of the cube bounded by the planes x=0, x=1, y=0, y=1, z=0, z=1.
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Ans.ff?-dS=IUV-?dV=2
5 Vv

Problem 12: Verify the divergence theorem for A =4xi- 2y%7 + 22k taken over the

cylindrical region bounded by the surfaces x? + y2 = 4,z = 0,z = 3.

[Ans. [[.7-dS = [[f, V-7 dV = 84r]

Problem 13: Verify the divergence theorem for A= yzl + 2y*] + xz2k taken over the
region bounded y x=0, y=, z=0, z=2 and x? + y? = 9.

[Ans. ffSF-dS = fffVV-?dV = 108].
5.2 Green’s Theorem

Green’s theorem in plane

If C is a simple closed curve in the xy plane bounding an area R and M(x,y) and
N(x,y) are continuous functions of x and y having continuous derivatives in R, then

jEMd + Nd ff <6N aM)d d
x y = — — ——)dxdy
c g \0x  0Jy

Problem 1 : Verify Green’s theorem in plane for the integral [.(xy + y?)dx + x*dy, where

C is the curve enclosing the region R bounded by the parabola y = x?2 and the line y = x.
Solution : Giveny = x? and y = x.
Therefore, x = x> => x> —x=0=>x(x—-1)=0=>x=00rx=1
When x=0, y=0 & when x=1, y=1

Thus the parabola and the line intersect at (0,0) and (1,1).

4
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In the figure OABDO, the curve C consists of the parabolic arc OAB and the line
segment BDO.

The parametric equations of OAB are x = t, y = t2 where t varies from 0 to 1.
Here, M = xy + y? & N = x?
cM=txt?+t*=t3+t*&N = t?

dx = dt & dy = 2tdt

1 1
J(xy + y?)dx + x*dy = j (3 +tY)dt + t?2tdt = J (3 +t* 4+ 2t3)dt
C 0 0

1
t*  t5  2t* 1.1 1 19
=|—+4+—=—4+—] ==4+-4+--0=—
4 5 41y 4 5 2 20

The parametric equations of BDO are x = t,y = t where t varies from 1 to 0.
S M=t*+t>=2t*&N =t*

dx = dt & dy = dt

0 0
J(xy +y3)dx + x*dy = J (2t3)dt + t?dt = J (2t? + t?)dt
c 1 1

-],

Hence,

(xy + y2)dx + x2dy + f (ey + y?)dx + x?dy

J(xy + y3)dx + x2dy = J
c 0 BDO

AB
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x varies from 0 to 1 and y varies from x? to x.

aN aM boex
ff — - dxdy=f f (2x —x — 2y)dydx
y 0 Jx?

1 ,x 1 y?2 x
= f f (x — 2y)dydx = f <xy -2 —) dx
0 Jx2 0 2 x2

From (1) and (2)
6N aM
3gde+Ndy j _——— dxdy

Hence, Green’s theorem is verified.

Problem 2 : Verify Green’s theorem in plane for the integral | c x2dx + ydy, where C is

the curve enclosing the region R bounded by the parabola y? = x and the line y = x.

(Hint : Common point (0,0) , (1,1). For the line segment x=t, y=t & t varies from 0 to 1. For

the parabolic arc x = t? & y = t, where t varies from 1 to 0. Ans. -1/28).

Problem 3 : Verify Green’s theorem in plane for the integral | c x%dx + xydy, where C is

the curve enclosing the region R bounded by the parabola y? = 8x and the line y = 2x.

(Hint : Common point (0,0) , (2,4). For the line segment x=t, y=2t & t varies from 0 to 2.

For the parabolic arc x = 2t% & y = 4t, where t varies from 1to 0. Ans. 8/3)

Problem 4 : Verify Green’s theorem for fc(3x2 — 8y%)dx + (4y — 6xy)dy, where C is

the boundary of the region R enclosed by y = x? & y? = x.
Solution: Given parabolas are y = x? & y? = x.

axt=x=>x*—-x=0=>x(x*-1)=0=>x=00rx=1.
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When x=0, y=0.
When x=1, y=1.

Let the parabolas intersect at (0,0) and (1,1).

AN
Y
|
@) X >
Now, the ¢urve C composed of the arc I' of the parabola y = x> and the arc I’

of the parabola y? = x.
The parametric equation of I is x = t,y = t? , where t varies from 0 to 1.
[.= [, (3t> — 8t*)dt + (4% — 6t%)(2tdt) = —1 (verify)
The parametric equation of I'" is x = t2 & y = t , where t varies from 1 to 0.

[.= [ (3t* —8t?)(2tdt) + (4t — 6t3)(dt) = g (verify)

Thus [(3x? — 8y2)dx + (4y — 6xy)dy = =1 +2 =7 ccoocc . (1)

U (aN aM)dd —Jljﬁlodd = 2 (verify) .2
x5y xy—o ) yyx—zverlfy e (2)

2

From (1) & (2) Green’s theorem is verified.

Problem 4 Verify Green’s theorem for fc(3x2 — 8y?)dx + (4y — 6xy)dy, where C

is the boundary of the region R enclosed by x=0, y=0, x+y=1.

Solution : B(0,1)
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fe =loa s Tl
Along OA : x=t, y=0, t varies from 0 to 1.
Jou(83x% —8y*)dx + (4y — 6xy)dy = fol 3t%dt = 1 (verify)
Along AB:

=2 =t=>x_—_11=t=>x—1=—t=>x=1—t&%=t=>y=t

|
[
<
o

7
=
o

x=1-—t,y=t,tvaries from0to 1.
J,(3x% —8y*)dx + (4y — 6xy)dy = fol(—3 + 4t + 11t?)dt = 8/3 (verify)
AlongBO:x =0,y =1 —¢t, tvariesfrom0to 1.
J5o(3%% — 8y*)dx + (4y — 6xy)dy = fol 4(t — 1)dt = —2 (verify)
Thus, [, (3x* —8y?)dx + (4y — 6xy)dy = 1 + g -2= g(verify) e (1)
Find 5% & 22

ON oM

Then, [f, (5 - E) dxdy = [} [ (—6y + 16y)dydx = % (verify).... 2)

From (1) & (2), Green’s theorem is verified.

Problem 5 : Verify Green’s theorem for [ (x — 2y)dx + xdy, where C is the circle x> +

y: =1
Solution : (cost, sint)
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The parametric equations of the circle are x=cost, y=sint, t varies from 0 to 2.

dx = —sint dt & dy = cost dt

21T
J.(x — 2y)dx + xdy = f (cost — 2sint)(—sintdt) + costcostdt
c 0

2T
= f (—costsint + 2sin?t + cos?t)dy
0

o sin2t - X ,
= f (— > + 2sin“t + cos t> dy = 3m (verifty)
0

Problem 6 : Evaluate [.(3x + 4y)dx + (2x — 3y)dy, where C is the circle x* + y* =
4

Problem 7 : Show that [.(3x*—8y*)dx + (4y — 6xy)dy = g where C is the
boundary of the rectangular area enclosed by the lines y=0, x+y=1, x=0.

Problem 8 : Show that [.(3x* —8y*)dx + (4y — 6xy)dy = 20, where C is the

boundary of the rectangular area enclosed by the lines x=0, x=1, y=0, y=2.
Problem 9 : Evaluate [, xy?dy — x?ydx, where C is the cardioids 7 = a(1 + cos6).

[Hint:

Joxy?dx — x?ydy = [[ (x* + y*)dxdy = fozn foa(1+cose)r2(rdr)d9 = Ena“].

5.3 Stoke’s Theorem

If S is the surface bounded by a simple closed curve C then ¢ A - dr = [[(V x A) -

ndS, where A has a continuous derivatives on S.
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Problem 1: Verify Stokes theorem for A=(2x- YT — yz?j — yzzE taken over the upper

half surface of the sphere x? + y* + z2 = 1,z > 0 and the boundary curve C the circle

x*+y*=1,z=0.
Solution:

Stoke’s theorem is gﬁcff -dit = [[(Vx A) - nds
Given, 4 = (2x — y)T — yz%j — y?zk
Putx = cosf,y = sinf,z =0
= (2c0s0 — sinB)T

-

“ A
= xT+ y] + zk = cos6i + sinf]

=

dr = —sinft + cos6j

-

A+ d? = ((2cos8 — sind)Q) - (—sindT + cos6))
= (2cos0 — sin@)(—sinb)

= —2sinfcosf + sin?6

2

jE A-di = f (= 2sinfcosO + sin20)do
c
0

1 — cos26

) db

2
= f (—sin260 +
0

B [00526 N 0 sin2071°"
L2 2 2 1

2 2 2 2 2 2
—1+ 0 1+0 0
—TT 2
=T e, (1)
i 7 K
vxd=| 2 o 9
0x ady d

0 0 0 0
= 7(@ (-y%2) + E()’ZZ)> —f<a (—y%z) — &(Zx - }’)>
HENEPYS
+ a(—yz)—a(zx—y)

=i(—-2yz + 2yz) —J(0 — 0) + k(0 + 1)
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P=x?+y*+2z*-1

VO = 2xT + 2yj + 2zk

VO] = /4(x% + y2 + 2z2) = 2

L 2xU+2y7+ 27k y . -
n= 5 =xl+y]+zk

ff(VXZ)-ndSszE-ndde
i n-k

S
= ﬂ dxdy
S

= Area of the sphere

= nr?

=1 [since,r =1] v . (2)
From (1) & (2) Stoke’s theorem is verified.

Problem 2: Verify Stokes theorem for A=x*+ xyj taken over the square surface S in
the XOY plane whose vertices are 0(0,0,0), A(a,0,0), B(a,a,0), C(0,a,0) and over its

boundary.

Solution:

Stoke’s theorem is gﬁC/T -di = [[(Vx A) - nds
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We know that the parametric equation of the points whose position vectors are a and b are

F=(1-t)d+th,0<t<1.
The parametric equation of OA is # = (1 — t)0 + t(al)
r=atl
The parametric equation of AB is # = (1 — t)al + t(atl + aj)
r=ail+at]
The parametric equation of BC is # = (1 — t)al + aj

The parametric equation of CO is # = (1 — t)aj + t0

r=a(l-t)]

1
Now,f A-d7 = f a’t?t- (adti)
04
0

[or] o—
9]
.'J>
QU
=
I
O\’_\
I
Q
w
~
—_
I
~
—
N
U
~

110 Manonmaniam Sundaranar University, Directorate of Distance & Continuing Education,
Tirunelveli.



2t 3]
— _ 3 — S
= alt 2+3
0
3
jgﬁdrzo
co
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= e (2)

From (1) & (2) Stoke’s theorem is verified.

Problem 3: By using Stoke’s theorem show that V X (V@) = 0.

Solutio

n: Let C b any closed curve and S any surface spanning it. Let A =vg.

Stoke’s theorem is gﬁcff ~dr = [[(Vx A) - ids

ff(Vxﬁ)-ﬁdsszW)-dr

—f(a(bwa(bwa@ié) dxi + dyj + dzk
- - axl ayj aZ (xl y] Z)

0 0 0
LI
Cc

dx ay 0z
- f 9
Cc
= 0.
Exercise :
1. Verify Stokes theorem for 4 = yT + 2yzj + y2k taken over the upper half surface of

the sphere x? + y2 4+ z2 = 1,z > 0 and the boundary curve C the circle x? + y% =
1,z = 0. [Ans. -]

Verify Stokes theorem for 4 = y7 + zj + xk for the upper half of the sphere x2 +
y? +z2 =1,z = 0 and the boundary curve C the circle x? + y?> = 1,z = 0. [Ans. —
m]

Verify Stoke’s theorem for 4 = xyi + yzJ + zxk taken over the triangular surface S
in the plane x + y+2z =1 bounded by the planes x =0,y =0,z =0 over its
boundary. [Hint : The vertices of the triangular surface are A(1,0,0), B(0,1,0),

C(0,0,1). Ans. —-]

Verify Stoke’s theorem for A= (y—z+2)+ (yz+4)— zxk, where S is the
surface of the cube x=0,x=2,y=0,y=2,z=0,z=2above the XOY
plane.[Ans. -4]

By using Stoke’s theorem evaluate the integral I = ff JA+y)zi+ (1 + 2)x) +

1+ x)yE] - dr in the following cases:
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() C is the circle x*+y?=1z=1 [Hint 7=k ;[[,1dS=
area of the circle = ]
(i) Cisthe triangle ABC, where A, B, C are (1,0,0), (0,1,0), (0,0,1). [Ans. 3/2]
(ili)  Cisaclosed curve in the plane x — 2y + z = 1.[Ans. 0]
6. Evaluate [[(VxA)-dS,if A=yi+zj+xk where S is the paraboloidal surface

x?+y?=1-222>0. [Ans.-7].
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